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Abstract 


In this thesis, we use logarithmic methods to study motivic objects. Let R be 
a complete discrete valuation ring with perfect residue field fc, and denote 
by K its fraction field. We give in chapter 2 a new construction of the 
motivic Serre invariant of a smooth Lf-variety and extend it additively to 
arbitrary itT-varieties. The main advantage of this construction is to rely only 
on resolution of singularities and not on a characteristic zero assumption, as 
did previous results. As an application, we give a conditional positive answer 
to Serre’s question on the existence of rational fixed points of a G-action on 
the affine space, for G a finite Ggroup. We end the chapter by showing how 
the logarithmic point of view that we use in our construction leads to a new 
understanding of the motivic nearby cycles with support of Guibert, Looser 
and Merle as a motivic volume. 

In chapter 4 we use the theory of logarithmic geometry to derive a new formula 
for the motivic zeta function via the volume Poincare series. More precisely, 
we show how to compute the volume Poincare series associated to a generically 
smooth log smooth i?-scheme in terms of its log geometry, more specifically in 
terms of its associated fan in the sense of Kato. This formula yields a much 
smaller set of candidate poles for the motivic zeta function and seems especially 
well suited to tackle the monodromy conjecture of Halle and Nicaise for Calabi- 
Yau A'-varieties, for which log smooth models appear naturally through the 
Gross-Siebert programme on mirror symmetry. We end the chapter by showing 
how this formula sheds new light on previous results regarding the motivic zeta 
function of a polynomial nondegenerate with respect to its Newton polyhedron, 
and of a polynomial in two variables. 



Beknopte samenvatting 


In deze thesis passen we logaritmische methoden toe om motivische objecten 
te bestuderen. Zij R een complete discrete valuatiering met breukenveld K 
en perfecte residuveld k. In hoofdstuk 2 geven we een nieuwe constructie van 
de motivische Serre invariant van een gladde if-varieteit en breiden we hem 
additief nit tot willekeurige i^T-varieteiten. Het voornaamste voordeel van deze 
constructie is dat ze enkel van resolutie van singulariteiten afhangt en niet 
beperkt wordt tot karakteristiek nul, in tegenstelling tot eerdere resultaten. 
We geven als toepassing een voorwaardelijk positief antwoord op de vraag van 
Serre over het bestaan van rationale vaste punten van een G-actie op de affiene 
ruimte, waarbij G een eindige Ggroep is. We sluiten dit hoofdstuk af met een 
andere toepassing van ons logaritmische standpunt en tonen hoe de motivische 
nearby cycles met drager van Guibert, Loeser en Merle beschouwd kunnen 
worden als een motivische volume. 

In hoofdstuk 4 maken we gebruik van de theorie van logaritmische meetkunde 
om een nieuwe formule af te leiden voor de motivische zeta functie via de 
volume Poincare reeks. We tonen met name hoe de volume Poincare reeks 
berekend kan worden vanuit een generiek gladde log-gladde i?-schema in termen 
van logaritmische gegevens, in het bijzonder in termen van zijn geassocieerde 
waaier, in de zin van Kato. Deze formule levert een veel kleinere verzameling 
van kandidaten polen op voor de motivische zeta functie, en lijkt bijzonder goed 
geschikt om de monodromie conjectuur van Halle en Nicaise voor Calabi-Yau 
varieteiten aan te pakken, waarvoor log-gladde modellen geconstrueerd kunnen 
worden in het kader van de Gross-Siebert programma over spiegelsymmetrie. 
Ten slotte wordt er getoond aan het einde van dit hoofdstuk hoe onze formule 
licht werpt op eerdere resultaten omtrent de motivische zeta functie van een 
veelterm die niet gedegenereerd is ten opzichte van zijn Newton polyhedron, en 
van een veelterm in twee veranderlijken. 
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Introduction 


Motivic integration and logarithmic geometry: the former provides the objects 
that we study, whereas the latter provides the methods that we use. The 
logarithmic viewpoint suggests to work on compactifications of the spaces of 
interest in order to derive properties about them. Such an approach is taken 
in chapter 2, whereas chapter 4 uses more specifically the theory of logarithmic 
structures of Fontaine and Illusie. They both focus on the study of particular 
motivic objects: chapter 2 is centred around the motivic Serre invariant, and 
chapter 4 deals with motivic zeta functions. In this general introduction, we 
guide the reader through the motivic universe that gave birth to these objects. 
This will also serve as motivation for our work. 


1 Motivic zeta functions 

Let f{x) € Zjxi,... ,Xm\ be a polynomial over Z and fix a prime number p. 
Denote by Ni the number of solutions of the congruence f{x) = 0 mod pK 
A common procedure to understand the asymptotic behaviour of a sequence 
of numbers {ai)i is to consider the associated generating series '^‘^qCLiTK 
Rationality of the series is equivalent to the sequence {ai)i being a linear 
recurrence sequence. 

In order to prove the rationality of the series Pf{T) = Igusa 

studied the Igusa local zeta function Z^(s) of / introduced by Weil in [Wei65] 
in 1965. The function Z^{s) satisfies the relation 

z’(,) = p,(p-) - 

hence its rationality in p~^ is equivalent to rationality of Pf{T). The big 
advantage of Z^j{s) over PfiT) is that it can be expressed as a p-adic integral 
and is thus at the mercy of a well-established theory. This approach proved 
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fruitful in 1974, when Igusa was able to prove the rationality of Z^{s) using 
Hironaka’s resolution of singularities. He was followed ten years later by Denef, 
through completely different methods. 

The field attracted renewed interest when Kontsevich, inspired by p-adic 
integration, initiated the theory of motivic integration during a lecture at Orsay 
in 1995. In this new theory, the integration space shifts from a power of the 
p-adic integers Z™ to (€^1)"*, or, more generally, the arc space C{X) of a 
C-variety X. The other key difference with p-adic integration is that integrals 
take values in the localized Grothendieck ring of C-varieties Me instead of R, 
whence the name motivic. This new framework allowed naturally Denef and 
Loeser to define a motivic analogue of Zf{s) in this new context; the motivic 
zeta function was born. 


We give more details on how the motivic zeta function is defined. Let X be a 
smooth irreducible variety of dimension m over a field k of characteristic zero 
and consider a dominant morphism 

f-.X^Al ( 0 . 0 . 1 ) 


li X = A™, then / corresponds to a nonconstant polynomial over k. We set 
Xs the fibre over the point a; = 0. For d > 0 we denote by Cd{X) 

the k-scheme of d-jets representing the functor 

(fc-algebras) —>■ (Sets), A h> Homfe(Spec A[f]/(t‘^'''^),X). 


We set 




f((p(t)) = 


and define the motivic zeta function of / as 


mod 


Zf{T) := ^ [A’d.i] L-™'" T<^ £ Mx. 1^1, 

d=l 


where brackets denote classes in the localization Mxs = 'f^o(Varjf^)[L“^] of 
the Grothendieck ring of Jfg-varieties and L:=[A(^ ] (see 2.2.5). The function 
Zf{T) can be seen as a motivic avatar of Z^{s) since it specializes to it for 
almost all primes p, as explained in [Loo02, 6.3]. Similarly to the p-adic case, 
Denef and Loeser showed that Zf{T) is rational. Their proof yields an explicit 
formula for ZfiT) computed on a resolution of singularities for /. 

Theorem 0.1. Let h: Y ^ X be an embedded resolution of singularities 
for (X,Xs), where Xg is the zero locus of f. Let {Ei)i he the irreducible 
components of the sne divisor h~^{Xs) and M their multiplicities. Then 
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We briefly explain the undefined elements in the formula. For J C I we set 
Ej = Hiej s-nd Ej = Ej\ IJi^j Ei. The variety Ej is then a certain Galois 
cover of Ej of degree gcd(A^j)j (see construction in 2.4.11 and 4.4.1). Finally 
the integers i/i are defined by the equality of divisors Kyjx = ~ 1)^*1 

where Ky/x denotes the relative canonical divisor of h. 

We also have a local version of Zf{T). For every x € Xg, we set 
Xd,i,x ■={‘P e I 7ro(<p) = a;}, 

where TTe{x) denotes the image under tp: Spec —>■ X of the maximal 

ideal (t), where K is some field extension of k. The local zeta function of f 
at X is 

CXD 

ZfAT) :=^ e MxlTl 

d^l 

It can be obtained from Zf{T) by means of the base change morphism 

Mxjn^MxlTl 

2 Milnor fibre and the monodromy conjecture 

Motivic zeta functions can be used to produce birational invariants of 
hypersurface singularities, but what makes them even more fascinating is how 
their poles are expected to carry topological information on / through the 
monodromy conjecture. Before stating the conjecture, we need to recall a 
topological construction of Milnor. 

Let /: C'" —>■ C be an analytic function and fix a point x of Xg = /“^(O). 
Consider an open disc D = B{Q,rj) C C around the origin and an open ball 
B = B{x,e) around the point x. We set X' = B Ci f~^{D^), where = 
Z1\{0}. An important result of Le (see [Tra77, 1.1]) states that the restriction 
fx - B n f~^{D^) —)• of / is a locally trivial fibration for sufficiently small 

77 and e, with 0 < 77 <C e. We call it the Milnor fibration at the point x (see 
[Dim92, §3.1] for more details on Milnor fibrations). In particular, all fibres 
of fx are homeomorphic to each other. In order to get a canonical object 
representing the homotopy type of an arbitrary fibre of fx, we consider the 
fibred product 

E,-.={Bnf-\D^)) Xd. D^, 

where denotes the universal cover of the pointed disc . We call E^ 
the canonical Milnor fibre at x. Since is contractible, has the same 
homotopy type as each fibre of fx- In particular, they have the same singular 
cohomology. 
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The fundamental group tti (I?^), which is isomorphic to the deck transformation 
group of acts on Fx- In particular, the canonical generator of 7ri(Z?^) = Z, 
given by a positively oriented loop turning once around the origin, induces by 
functoriality a linear transformation for every i > 0 

M*: H\Fx,Z) ^ 

where H'‘{Fx,'L) is the *th singular cohomology space of F^- These 
operators M* are called the monodromy transformations. A local monodromy 
eigenvalue of / is then an eigenvalue of for some i > 0 and x G Xg. 

When / is defined over a number held, Igusa conjectured in 1988 that for 
almost all primes p, exp(27riro) is a local monodromy eigenvalue if tq is the 
real part of a pole of Igusa’s zeta function Zj{s). This conjecture, known as 
the monodromy conjecture, raised much interest because it relates the topology 
of the hbre /“^(O) with the arithmetic of / (recall that Z^{s) is tightly linked 
with the number of solutions of f{x) =0 mod p*). 

In analogy to Igusa’s monodromy conjecture, Denef and Loeser stated in [DL98, 
2.4] a similar conjecture for the motive zeta function. 

Conjecture 0.2. Let k he a subfield of C and f'-X —>■ a dominant 

morphism. There is a finite subset S of N>i ©N>i such that Zf{T) belongs to 
the subring 

■^Xs \T, (^a,b)eS 

of AdxslTl and such that exp(27rza/5) is a local monodromy eigenvalue of 
/“: (X Xk C)“ —>■ C for every couple {a,b) € S, where (•)“ denotes the 
GAGA analytiScation functor. 

Since the motivic zeta function specializes to Igusa’s p-adic functions for almost 
all p, interest has been shifted to this more general conjecture. Although some 
partial results were obtained, mainly in low dimension (see e.g. [Loe88] and 
[Loe90]), this conjecture still seems out of reach in its full generality, where 
methods used in solved cases fall short. 


3 Analytic Milnor fibre and volume Poincare series 

In order to get a better feeling for the monodromy conjecture, Nicaise and 
Sebag introduced in [NSOTb, 9.1] the analytic Milnor fibre Fx. 

Let k be an algebraically closed field of characteristic zero and consider the 
complete discrete valuation ring R = fcp|, with fraction held K = fc ((<)). For 
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d > 1, we also consider the totally ramified extension R{d) := R[T]/— and 
set K{d) :=Fraci?(d). Let f'. X ^ K\ = Specfc[t] be as in (0.0.1) and x & Xg 
be a point in the zero locus of /. We denote by X the t-adic completion of X. 
The analytic Milnor fibre of / at x is the generic fibre Tx of the formal affine 
scheme SpfO^^, in the sense of Berthelot [Ber, 0.2.6] (see [Nic08, 6.1.4] for 
topological intuition). It is a smooth separated rigid i^-variety, whose £-adic 
cohomology coincides, when k = with the singular cohomology of the Milnor 
fibre Tij, and identifies the Galois action on the former to the monodromy 
action on the latter. Furthermore, iF(d)-points of Tx correspond precisely to 
arcs tp: Specfc|t] —)• X with /((/?) = and 7ro((p) = x, so that the analytic 
Milnor fibre Tx appears to be a key object connecting the two different worlds 
entering the monodromy conjecture: arithmetic and topology. 

This brings us to the question whether Zf^x{T) could be expressed as a Weil- 
type zeta function, i.e. a generating series whose coefficients somehow count 
iF(d)-points on Tx- This has led Nicaise and Sebag to introduce in [NS07b] 
the volume Poincare series of an stft formal i?-scheme (where stft stands for 
separated and topologically of finite type). Let T” be a generically smooth stft 
formal i?-scheme of pure relative dimension m and let w be a volume form on 
the generic fibre Xx, i.e., a nowhere vanishing differential form of degree m. We 
write uj{d) for the inverse image of to on the generic fibre of X{d) := X XxRid). 
The volume Poineare series of the pair {X,uj) is 

SiX,co;T):=Y,([ Hd)\) T‘^ G Mxdn 

(see 2.4.5 for a definition of the motivic integral). Its image in A4fc|r] only 
depends on Xk and not on X. It is denoted by S{Xk,uj]T). 

This series can be used in the context of (0.0.1) because every volume form (p 
on the smooth variety X induces canonically a volume form ^ on the rigid 

iF-variety {X)k, called the Gelfand-Leray form. 

Theorem 0.3 ([NS07b, 9.10]). Let X be a smooth irreducible k-variety of 
dimension m, fX ^ a dominant morphism and (p a volume form on X. 
Then 

S(X,^-T) G Mxjn 

In [Nic09] Nicaise extended the definition of the volume Poincare series to 
special formal i?-schemes. If X is stft and Z is a locally closed subset of 
the special fibre Tfe, then the completion Z of X along Z is a special formal 
i?-scheme and S{Z,(jj-,T) coincides with the image of S{X,(jj;T) under the 
base change morphism AlAffelT]] ^ AIz|T]. This generalization is more 
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than welcome because Tx is canonically isomorphic to the generic fibre of the 
completion of X along the closed point x and as such is a special formal scheme. 
In particular, the image of S{X, ^]T) in A4x only depends on Xx (cfr. [Nic09, 
9.8]) and we have 

Zf,x{hT) = / l^(d)l) e Mxin 

4 Monodromy conjecture for degenerations of Calabi-Yau 
varieties 

The advantage of S{X,uj;T) over Zf{T) is that it admits a natural general¬ 
ization to iti-varieties. Let X be a Calabi-Yau variety over K = i.e. 

a smooth, proper and geometrically connected variety with trivial canonical 
sheaf. Assume that X has dimension m and let ui be volume form on X. The 
motivic zeta function of the pair (X, uj) is defined as 

OO „ 

ZxAT)--=I^^Y.{ \^id)\)T^. 

d=l^X{d) > 

This generalization comes with a variant of the monodromy conjecture, as 
introduced by Halle and Nicaise in [HNll, 2.6]. 

Definition 0.4. Let cr be a topological generator of the Galois group G{K^ / K), 
where K‘^ denotes a separable closure of K. We say that X satisfies the global 
monodromy property if there is a finite subset <S of Z © Z>i such that Zx,ui{T) 
belongs to the subring 

[T, (a,h)65 

of Xlfc|T| and such that the rth cyclotomic polynomial divides the character¬ 
istic polynomial of a on iL*(X Xk AT®, Q^) for some i > 0, where r denotes the 
order of a/h in the group Q/Z. 

Note that the global monodromy property doesn’t depend on the volume 
form w, since for every unit u G with valuation vk(u) we have 

Zx,u-u{T) = e Mkin 

Halle and Nicaise proved in JHNII, 8.6] that the property holds for abelian 
varieties. Their proof relies on a detailed analysis of the behaviour of the 
Neron model under base change and uses the theory of abelian varieties in an 
essential way. It remains a challenge to prove the property in greater generality; 
we will explain in the last section of this introduction how our work provides a 
step forward in the case of Calabi-Yau varieties. 
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5 Motivic nearby cycles and motivic volume 

Guided by previous work on Igusa zeta functions (see [DL98, §4]), Denef and 
Loeser considered the opposite of the limit for T —>■ oo of Zf{T) and gave 
heuristic evidence for it to be considered as a motivic incarnation of the complex 
of nearby cycles of / (see [DLOl, 3.5.3]). From the description of Zf{T) in 0.1 
we get 

5y:=- hm Zf{T)= ^ (1 - G .Mx., 

1 —>-00 ' ^ 

0#JC/ 

which is called the motivic nearby fibre of /. This construction inspired Nicaise 
and Sebag, who defined in [NS07b, 8.3] the motivic volume of a generically 
smooth stft i?-scheme in a similar way. More details can be found in 2.4. 

Definition 0.5. Let df be a generically smooth stft formal i?-scheme. The 
motivic volume of X is 

Vol(T):=- lim S{X,uj\T) & Mx., 

T->oo 

where uj is any volume form on Xk- Its image in Affc only depends on Xk and 
not on X. It is denoted by YoI{Xk) and called the motivic volume of Xk- 

Theorem 0.3 then yields easily the following comparison result. 

Theorem 0.6 ([Nic09, 9.8]). Let / : X —>■ be a dominant morphism from a 

smooth k-variety X of dimension m. We have 

Vol(X) = G Mx. 

and for every closed point x € Xg, 

Vol(X,) = G M,. 

In [Gui+06, 3.7] Guibert, Loeser and Merle extended Sf to a morphism 

Sf : A4x tVJxs 

in such a way that 5/([X]) = Sf. In the process, they defined the motivic 
nearby cycles with support for a dense open subvariety U of X. It is constructed 
as the limit of a modified motivic zeta function Zfp(T) whose coefficients 
discard arcs too tangent to X\U. We will explain in section 7 how we could fit 
this construction in Nicaise and Sebag’s framework. 
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6 Motivic Serre invariant and the trace formula 

Let i? be a complete discrete valuation ring with perfect residue field k and 
denote by K its fraction field. The motivic Serre invariant, which is the subject 
of chapter 2, was first defined in [LS03] for a smooth separated quasi-compact 
rigid if-variety X. If ft is a weak Neron model for X, then S{X) is given by the 
class of the special fibre of X in the quotient Grothendieck ring it^(Varfc)/(L — 
1) (see notation in 2.2.6). The independence of S{X) from ft is a nontrivial 
statement which can be proved using the theory of motivic integration (see also 
2.2.16). 

A weak Neron model for a separated rigid AT-variety X is a smooth stft formal 
i?-model of X whose unramified points are in bijection with the unramified 
points of X (see 2.2.13 for a precise definition). In particular, if X{K') — 0 
for every unramified extension K' jK then the empty formal scheme is a weak 
Neron model for X, so that S{X) = [0] =0. Hence the nonvanishing of S{X) 
implies the existence of an unramified point on X. In particular, S{X) can 
detect rational points when the residue field k is algebraically closed. 

Serre’s name was attached to this invariant for its analogy with the p-adic 
invariant Sp{-) defined by Serre in [Ser65] to classify compact p-adic manifolds. 
When AT is a p-adic field, the set of rational points of a smooth rigid AT-variety X 
has a structure of p-adic manifold and the correspondance 

y \Y{k)\ 

determines a well-defined morphism 

Xo^(Varfc)/(L-l)^Z/(g-l), 

where q is the cardinality of k. One shows that S{X) is sent onto Sp{X{K)) 
under this morphism. 

In further work, Nicaise and Sebag defined the motivic Serre invariant for 
larger classes of objects: generically smooth stft formal schemes in [NS08] and 
generically smooth special formal schemes in [Nic09]. Finally, Nicaise defined 
S{X) in [Nidi] when X is a smoothly bounded rigid or algebraic X-variety. 
Typical examples of smoothly bounded algebraic varieties are given by proper 
smooth varieties. He also showed how to extend the invariant additively to 
a morphism of rings S': Alic —)■ X^(Varfe)/(L — I) when K has characteristic 
zero. This extension yields an obvious definition of S(X) for a general algebraic 
variety X, with no smoothness or properness condition, which can still be used 
to detect unramified points on X. It also gives a new realization morphism 
that can be used to distinguish elements m M.k- 
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The following proposition hints at why we can consider S{X) not only as an 
unramihed-point detector, but as a true measure of the set of unramified points 
on X. 

Proposition 0.7 ([Bos+90, 2.3/5]). Let X be a smooth R-scheme over a 
complete discrete valuation ring. Then the canonical map 

X(R^^) ^ Xk(k^) 

is surjective, where denotes a strict henselisation of R and fc® its residue 
held, which is a separable closure of the residue held k of R. 

Hence, we see that the unramified points of X are parameterized by 
Since k is assumed to be perfect, every closed point x G Xk induces a fc^’-point 
on Xk, so that [Xk] can be seen as a good measure for X{R^^). This can be 
made more precise in rigid terms. If cc is a closed point of Xk, then the inverse 
image of x under the specialization morphism sp: {X)k —>■ Xk is an open rigid 
unit ball (see [NSlla, 2.1.5]). 

Since S{X) measures the set of rational points when k is algebraically closed, 
we can ask ourselves whether it admits a cohomological interpretation, as does 
the set of rational points on a variety over a finite held with the Grothendieck- 
Lefschetz formula. 

Theorem 0.8 ([Del77, Rapport, 3.2]). Let X be a variety over and X the 
base change of X to an algebraic closure of¥q. Let F: X ^ X be the absolute 
Frobenius automorphism. Then for every integer d > 1 we have 

1X(F,.)| =^(-l)*Trace(F'' | i7/(X,Q,)), 

i 

where F[j.{-,Qi) denotes f-adic cohomology with compact support. 

The classical Lefschetz trace formula in topology allows to count the number 
of hxed points of a continuous map f: X ^ X hy means of the traces of 
the operator induced by / on the homology spaces of X. Since hxed points 
of Frobenius correspond to rational points of X, the Grothendieck-Lefschetz 
formula allows similarly to compute rational points from traces of Frobenius. 

Nicaise and Sebag obtained a hrst result in that direction in [NS07b, 5.4], which 
Nicaise improved in [Nic09] and [Nidi]. We will only state the formula in the 
algebraic setting. A smooth and proper algebraic IF-variety X is called tame 
if there is a regular proper i?-scheme y such that yK = X and yk is a strict 
normal crossings divisor, whose multiplicities are prime to the characteristic 
exponent of k. If char A: = 0, then every smooth proper AT-variety is tame by 
resolution of singularities. 
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Theorem 0.9 ([Nidi, 6.3]). Assume k algebraically closed. Let X be a 
smooth and proper tame K-variety and (p a topological generator of the tame 
monodromy group Gal(K*^/K). Then for every d>l not divisible by p, 

Xtop{S{X Xif i^(d))) =^(-l)*Trace(<^'' | H\X xk K\Qe)). 


The extension of the motivic Serre invariant to a morphism on the Grothendieck 
ring of it'-varieties has allowed Nicaise to extend his trace formula to arbitrary 
if-varieties when k has characteristic zero. 

Corollary 0.10. If k has characteristic zero, then for every K-variety X 

Xtop{S{X)) = ^(-l)*Trace(^ | H\X 


A similar formula for tame generically smooth special formal schemes (see 
[Nic09, 6.4]) yields a trace formula for the analytic Milnor hbre J-x, which 
exhibits a tight link between Ar(d)-points on Xx and its cohomology. 

Finally, one can show that if a (rigid or algebraic) AT-variety X admits a gauge 
form Lo, then 

S{X)= f la;] GK^{Vark)/{h-l). 

Jx 

Together with theorem 0.3, this yields the remarkable formula 

OO 

Zf^x{T) =Y,S{Fx{d))T^ eifo(Var,)/(L-l)[T], 

d=i 

which makes the monodromy conjecture appear more convincing than ever. 

The following theorem of Nicaise (extending a theorem of A’Campo in [A’C73]) 
gives another occurence of the fantastic interplay between the objects we 
defined in this introduction. 

Theorem 0.11 ([Nic09, 8.10]). Let/: X —>■ SpecC[t] be a dominant morphism 
from a smooth irreducible C-variety. Let x be a closed point of f~^{0) and 
denote by Fx (resp. Tx) the (resp. analytic) Milnor Ebre of f at x. The following 
are equivalent: 

1. the morphism f is smooth at x; 

2. Fx contains a C((t))-rational point; 

3. Tx satisEes S{Fx) ^ 0; 
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4. Tx satisfies 

^(-l)*Trace(v5 | i?(J'a:Xc((t))C((i))*,Q^)) ^ 0, 

i 

where w denotes any touolosical senerator of the monodromy eroup 

Gal(C((ir/C((t))); 

5. Fx satisfies 

^(-l)*Trace(M | i?(F„C)) ^ 0, 

i 

where M denotes the monodromy transformation on the graded singular 
cohomology. 


7 Contributions 

As we explained, Nicaise could extend the motivic Serre invariant to a 
morphism 

5: Mk ^ K^iyavk)/(1.-1) 

when K has characteristic zero. The main ingredient of his proof is Bittner’s 
presentation of the Grothendieck ring by classes of proper smooth varieties 
(see [Bit04, 3.1]). This presentation relies on resolution of singularities and on 
the weak factorization theorem (which states that every birational morphism 
between proper smooth A'-varieties can be factored as a sequence of blow-ups 
and blow-downs with smooth centres), two results depending on the assumption 
char AT = 0 in an essential way. While resolution of singularities is widely 
thought to be also true in positive characteristic, the status of the weak 
factorization theorem is less clear. 

In chapter 2, we give a new construction of S{U) for a smooth AT-variety U 
under the sole assumption that resolution of singularites holds for A-schemes 
of finite type. Our approach is logarithmic in spirit: we consider a 
compactification X of U, and use its boundary to approximate by a 
sequence of quasi-compact rigid open subvarieties (Uj) for which the Serre 
invariant can be defined in a direct way. After showing that S{Uj) stabilizes 
for 7 sufficiently large, we can define S{U) as the stabilizing value. This 
construction also yields an extension of S{U) to a morphism on Mk, which 
coincides with Nicaise’s. As a first application, we explain how our construction 
allows to extend the arguments of Esnault and Nicaise in [ENll] to give a 
conditional affirmative answer of Serre’s question on the existence of rational 
fixed points of a G-action on the affine space, for G a finite Ggroup. Finally, 
the last section of the chapter is devoted to motivic nearby cycles. We use 
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there the same logarithmic approach to give a new way of understanding the 
motivic nearby cycles with support of Guibert, Loeser and Merle as a motivic 
volume, in a similar way to theorem 0.6. 

Chapter 4 focuses on another side of the motivic bestiary: motivic zeta 
functions. It expands on results announced in [Bull5]. We give there a 
new explicit expression for the volume Poincare series S{X,u;;T) when X 
is a generically smooth log smooth i?-scheme. By adding some structure to 
schemes, logarithmic geometry allows to handle so-called log smooth schemes 
as if they were smooth. A key feature of log smooth schemes is that they 
can be desingularized by means of their combinatorics. In this process of 
desingularizing, fake poles are intoduced in the expression of S{X,uj;T), so 
that our formula yields a much smaller set of candidate poles than would have 
the corresponding desingularized scheme. This result paves the way to a proof 
of the monodromy conjecture for Calabi-Yau varieties that are constructed in 
the Gross-Siebert programme on mirror symmetry, where log smooth models 
for those varieties appear naturally (see for example [GSII]). Finally, we show 
in section 4.5 how to recover a formula of Guibert for Zf{T) when / is a 
polynomial that is nondegenerate with respect to its Newton polyhedron (see 
[Gui02]) and section 4.6 sheds new light on the (solved) monodromy conjecture 
for polynomials in two variables. 



Chapter 1 


Formal and rigid geometry 


This very short chapter is devoted to formal and rigid geometry. It aims to 
give hands-on knowledge on the subject in order to make some arguments in 
chapter 2 more transparent to the unfamiliar reader. 


1.1 Formal schemes 


We refer to [GD60, §1.10] for a thorough introduction to formal schemes. 

1 . 1 . 1 . A standard operation in ring theory is completion along an ideal. Let 
A be a ring and I an ideal of A. The I-adic completion of A is given by the 
projective limit 

I:=lmA//”. 

n 

If the canonical morphism A —>■ A is an isomorphism, A is said to be complete 
with respect to the I-adic topology^ or simply adic. We call I the ideal of 
definition for the adic ring A. 

1.1.2. Let’s take a geometric point of view on this construction. Each 
Spec A//" has the same underlying topological space Z, which corresponds 
to a closed subspace of Spec A. The only difference between them lies in 
their sheaves of sections. One can actually see those subschemes Spec A//" 
as infinitesimal neighbourhoods of order n oi Z into Spec A. The logical 
counterpart to taking the projective limit of the rings (A//")„ would be to 
take the inductive limit of the schemes (Spec A/J^j^. The resulting object 
would capture the notion of infinitesimal neighbourhoud of the closed subspace 
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Z inside of Spec A. This construction cannot be carried out in the category of 
schemes, but leads to the notion of formal scheme. 

1.1.3. The formal spectrum Spf A of an adic ring is constructed as follows. As a 
topological space it is the closed subspace of Spec A consisting of all open prime 
ideals of A, i.e. all prime ideals of A containing the ideal of definition I. For 
f £ A we denote by !?(/) the subset of Spf A consisting of all open prime ideals 
containing /. The sheaf Ospf ^ is then the sheafification of the presheaf given by 
0{'D{f)) = Af, where Af denotes the localization of A along the multiplicative 
subset {f^}n>i, and Af is its /-adic completion. The topological space Spf A 
endowed with the sheaf Ospf a is called an affine formal scheme. 

1.1.4. A locally Noetherian formal scheme is a ringed space locally isomorphic 
to affine formal schemes Spf A with A adic and Noetherian. We will always 
assume our formal schemes locally Noetherian and simply call them formal 
schemes. Moreover, we define unsurprisingly a morphism of formal schemes as 
a morphism of locally ringed spaces. 

The following class of rings is the formal counterpart to polynomials rings. 

Definition 1.1.5. Let A be an adic ring and / an ideal of definition. A power 
series / = c^T'' £ A|Ti,..., is called restricted if for every n > 1 there 

are only finitely many coefficients of / not belonging to /". In other words, the 
sequence (cv) —>■ 0 as \iy\ —F oo. 

The set of restricted formal power series is a subring of A|ri,..., denoted 
by AjTi,... ,Tr}. Clearly, if the topology on A is discrete, i.e. defined by the 
zero ideal, then A{Ti,..., TJ = A[Ti ,..., T^]. 

The following proposition shows that the ring of restricted power series is 
actually the /-adic completion of the polynomial ring. 

Proposition 1.1.6 ([Bou89, III §4.2 prop. 3]). Let A be an adic ring and I an 
ideal of definition. Then A{Ti,..., T^} = ^hfl^ , Tr]/I^- 

1.1.7. Let /? be a complete discrete valuation ring and tt a uniformizer. It is 
in particular an adic ring for the ideal generated by tt, and we can consider 
its formal spectrum Spf R. From now on we will restrict our study to formal 
schemes over the formal spectrum of /?, also called formal R-schemes, which 
are the only kind of formal schemes we will encounter in the next chapters. 
Note that all the notions that we present below apply much more widely. 

Proposition 1.1.8 ([GD60, 0.10.13.1]). A morphism of formal schemes 
f: At —>■ Spf R is said to be topologically of finite type if X can be covered 
by finitely many affine formal opens Vi such that Ox{Vi) = R{ti,... ,tr} / J for 
some integer r > 1 and some ideal J. 
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1.1.9. Let X —>■ Spf i? be a formal i?-scheme topologically of finite type. The 
ringed space {X, OxIt^) is a scheme of finite type over the residue field k of R. 
It is denoted by Xk and called the special fibre of X. 

We motivated the notion of formal scheme as a geometric version of completion. 
This naturally raises the question whether a scheme can be completed to a 
formal scheme. 

Definition 1.1.10. Let X ^ R he an i?-scheme of finite type. Its n-adic 
completion is given by the formal scheme X :=(d4, Ox') where 

OA’:=lmC>A’/7r”. 

n 

It is topologically of finite type over Spf R. Furthermore, the special fibre of 
the formal scheme X is nothing else but the special fibre Xk oi X. 

Example 1.1.11. The completion of the affine space AJj over R is the formal 
spectrum of R{Ti,..., Tr}, as can be seen from proposition 1.1.6. 

Many classical properties of schemes can be defined for formal schemes. The 
following proposition will be sufficient for our purposes. 

Proposition 1.1.12. Let X ^ R be an R-scheme of finite type. If X 
is separated, resp. regular, resp. Eat, resp. smooth over R, so is its ir-adic 
completion. 

1.1.13. Let X be an i?-scheme of finite type. When passing to the completion, 
we a priori lose information on the generic fibre of X. We will see in the next 
section that we can actually recover some information on it, by attaching a 
rigid AT-variety to X. 


1.2 Rigid varieties 

We refer to [Bosl4] for a thorough introduction and to [Bos+84] for a 
comprehensive reference. 

1.2.1. Let K be the fraction field of a complete discrete valuation ring R. It 
comes equipped with a non-Archimedean absolute value 

M: K ^ R>o, X ^ e-'^^^\ 

where v denotes the valuation of R. The field K is complete with respect to 
the topology induced by I-]. 
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Definition 1.2.2. The Tate algebra Tr = K{Ti,... ,Tr} of dimension r is 
defined as the /f-algebra , Tr} <Sir K. 


Note that it is not a ring of restricted power series as defined in 1.1.5 because 
K is not an adic ring (the ideals (tt”) are unit ideals). 

Definition 1.2.3. An affinoid K-algebra is a quotient of some Tate algebra Tr- 
Let A be an affinoid AT-algebra. We define the ring of restricted series in 
s variables as A{Ti ,..., Tg} := A (^k K{Ti, ..., Tg}. It is clearly an affinoid 
iL-algebra (if —F A is a surjective map, then T^+g —F A{Ti,...,Tg} is 

surjective as well). One can show that affinoid algebras are Noetherian (see 
[Bosl4, 3.1.3]). 

1.2.4. Let A be an affinoid iL-algebra. We denote by Sp A the set of maximal 
ideals of A and call it the spectrum of A. The couple (A, Sp A) is called an 
affinoid K-space. A morphism of affinoid K-spaces is then simply a AT-algebra 
morphism a: B —F A. Note that such a morphism induces a map Sp A —F 
SpB, m i-F (T“^(m). If m is a maximal ideal of A, then the quotient A/m is a 
finite extension of K (see [Bosl4, 2.2.12]). For / S A, we define /(m) as the 
image of / in A/m. 


1.2.5. We could define a Zariski topology on affinoid AT-spaces, but the whole 
point of rigid geometry is to provide a framework to apply analytical methods 
for non-Archimedean spaces. Therefore, we will endow these spaces with the 
canonical topology induced from the field K instead. Let X = SpA be an 
affinoid iL-space. A basis for the canonical topology on X is given by the 
subsets 


Xih,...Jr)-. = {xGX 


|/i(a:)l < 1, for every 1 < i < r 


} 


for elements fiGA. 


We now set out to define a structural sheaf for affinoid AT-spaces that suits the 
canonical topology. 

Definition 1.2.6. A subset U of an affinoid AT-space X is called an affinoid 
subdomain of X if there is a morphism of affinoid AT-spaces i: Y ^ X such 
that i{Y) C U and if i is universal with respect to this property: any other 
morphism of affinoid AT-spaces whose image is contained in U factors uniquely 
through i. 


If i: Y —F AT defines an affinoid subdomain over U, then i is injective and 
i{Y) ^ U (see [Bosl4, 3.3.10]). 

Proposition 1.2.7. Let X = Sp A be an afEnoid K-algebra and f = {fi)i<i<r, 
9 — (5l)i<l<s elements of A. Then the following subsets of X are affinoid 
subdomains: 
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• X{f) —{x e ^ I \fi{x)\ < 1, V*}; 

• X{f,g-^) ■■=X{f) n {a: e X I \gj{x)\ > 1, Vj}; 

• G I \Mx)\ < \foix)\, Vi}, if fo € A is such that 
fo, fi, ■ ■ ■, fr have no common zeroes (or equivalently, they generate the 
unit ideal of A). 

Definition 1.2.8. Let X be an afRnoid iV-space. We define the structural 
presheaf of X as the presheaf Ox which associates to any afhnoid subdomain 
U = SpB its corresponding afhnoid algebra Ox{U) = B. 

The structural presheaf Ox satishes the sheaf property for hnite coverings by 
afhnoid subdomains, but it fails to be a sheaf for the canonical topology. This 
is why we will have to restrict the kind of coverings we are allowed to consider. 

Definition 1.2.9. Let X be an afhnoid iV-space. A subset U C X is called 
an admissible open if there are (possibly inhnitely many) afhnoid subdomains 
{Ui)i of X such that U = [jjUi and satisfying the following property: for every 
morphism of afhnoid iV-spaces ip: Z ^ X such that <p(^Z) C U the covering 
((p~^(Ui))i of Z admits a hnite rehnement by afhnoid subdomains. 

A covering {Vj)j of an admissible open C A by means of admissible opens 
is called admissible if for every morphism of afhnoid AT-spaces p\ Z ^ X such 
that p(Z) C V the covering of Z admits a hnite rehnement by 

afhnoid subdomains. 

Admissible opens and admissible coverings dehne what is called a Grothendieck 
topology on X. The presheaf Ox is a sheaf for this topology. 

1 . 2 . 10 . A rigid K-variety is a locally ringed space locally isomorphic to afhnoid 
AT-spaces (see [Bosl4, 5.3.4] for a more precise dehnition). We can glue rigid 
AT-varieties and their morphisms as expected (see [Bosl4, 5.3.5 and 5.3.6]). A 
rigid AT-variety is quasi-compact if it can be covered by hnitely many afhnoid 
opens. 

1.2.11. We can adapt many classical properties of schemes to rigid AT-varieties. 
We will use these notions freely and refer the reader to more comprehensive 
treatments such as [Bos-|-84] and [Bosl4] for dehnitions. 
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1.3 Rigid varieties from formal schemes and alge¬ 
braic varieties 

1.3.1. As hinted in 1.1.13, rigid varieties arise naturally as generic fibres of 
formal i?-schemes. Let i? be a complete discrete valuation ring and X = Spf A 
an affine formal i?-scheme of finite type. Then A K is an affinoid Lf-space 
and we define the generic fibre of X as the rigid AT-variety Sp(A(8)i{Lf). Gluing 
yields a generic fibre Xk for any formal ii-scheme topologically of finite type X. 
This construction is functorial, see details in [Ber, 0.2.2]. 

Definition 1.3.2. We will say that a formal i?-scheme topologically of finite 
type X has pure relative dimension m if Xx is equidimensional of dimension m. 
It follows from [Seb04, 2.1.8] that in this case, the special fibre Xk has also pure 
relative dimension m. The converse holds if X is flat over R. 

1.3.3. The correspondence X i—F Xx even induces an equivalence of categories 
up to admissible blow-ups of formal i?-schemes, i.e. formal blow-ups whose 
centre is supported on the special hbre (more details on formal blow-ups can 
be found in [Nic09, 2.15]). More precisely: 

Theorem 1.3.4 ([BL93, 4.1]). The functor X i—F Xx induces an equivalence 
of categories between 

• the category of Hat formal R-schemes of topologically Hnite type, localized 
by admissible blow-ups; 

• the category of quasi-compact and quasi-separated rigid K-varieties. 

Furthermore, under this correspondence Xx is separated if and only if X is 
separated and Xx is smooth if X is smooth. 

The following specific result will be extensively used for our constructions in 
chapter 2. 

Proposition 1.3.5 ([BL93, 4.4]). Let X be a Hat quasi-compact formal R- 
scheme of Hnite type and {Ui)i a Hnite family of quasi-compact open subspaces 
of Xx- Then there is an admissible blow-up h: X' ^ X and a family {Ui)i of 
open formal subschemes of X' such that {Ui)x = Ui for every 1. Furthermore, 
if {Ui) covers Xx, then {Ui) covers X'. 

1.3.6. We can endow the set of closed points of an algebraic AT-variety X 
with a structure of rigid A'-variety. The resulting rigid AT-variety A'*'*® is called 
rigidification of X. The rigid A'-variety X'''® is not quasi-compact in general, 
even if X is, unless X is proper (see 1.3.8). The construction yields a functor 
X i-j. X’^^s that preserves fibred products (see [Con99, 5.1.2]). 
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Proposition 1.3.7 ([Con99, 5.2.1]). Let f: X ^ Y be a morphism between 
algebraic K-varieties. The following properties hold for f if and only if they 
hold for open immersion, smooth, separated, proper. 

Proposition 1.3.8 ([Ber, 0.3.5]). Let X be an R-scheme of finite type. There 
is a canonical morphism of rigid K-varieties a : {X)k —> {XkY'^^. It is an open 
immersion if X is separated and an isomorphism if X is proper over R. 




Chapter 2 


The motivic Serre invariant of 
a variety 

2.1 Introduction 


Let i? be a complete discrete valuation ring with fraction field K and perfect 
residue field k. The motivic Serre invariant of a smooth separated quasi¬ 
compact rigid if-variety X was first defined by Loeser and Sebag in [LS03, 
4.5.3]. It gives a measure of the set of unramified points of X. Of particular 
interest is the fact that its nonvanishing implies the existence of an unramified 
point on X. 

This motivic invariant may be defined for a smooth LC-variety U as soon as U is 
bounded, i.e. if there exists a quasi-compact open rigid subvariety V C that 
contains all the unramified points of U. In that case, the motivic Serre invariant 
S{V) of V does not depend on the choice of V and one sets S{U) := S{V). 
The boundedness condition holds for proper varieties, but fails for varieties as 
common as the affine space. 

When K has characteristic zero, the invariant has been extended additively 
by Nicaise in [Nidi, 5.4] to arbitrary if-varieties. In order to achieve this, 
Nicaise developed the theory of weak Neron models of pairs of varieties. The 
main drawback of his proof is its use of the weak factorization theorem, which 
is only known to hold when the field K has characteristic zero. 

The goal of this chapter is to give a new construction of the motivic Serre 
invariant of a smooth iL-variety U avoiding the use of the weak factorization 
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theorem. Theorem 2.3.4 shows that we are successful under the assumption 
that embedded resolution of singularities holds for i?-schemes of finite type. In 
particular, we recover the result of Nicaise in equal characteristic zero. 

The idea is quite natural. We consider a regular compactification X oi U and 
approximate 17"'“® by a sequence of open quasi-compact rigid subvarieties {U^)-y 
by removing a tubular neighbourhood of the boundary. We then show that 
the motivic Serre invariant of the approximations stabilizes as 7 —^ 00 , which 
allows us to define S{U) as the limit of the sequence. All this is carried out in 
section 2.3, with the main theorem stated in 2.3.4. 

The motivic Serre invariant has already proved useful in answering Serre’s 
question on the fixed locus of a finite 7-group action on the affine space. 
Namely, Esnault and Nicaise have shown in [ENll] that for a finite 7-group 
G acting on with K a Henselian discretely valued field of characteristc 
zero with algebraically closed residue field of characteristic different from the 
prime number 7, the action always admits a A'-rational fixed point. Their 
arguments build up from the additive extension of the motivic Serre invariant 
of Nicaise. We show at the end of section 2.3 how to adapt their arguments to 
fit our construction. This yields in particular a conditional affirmative answer 
to Serre’s question in equal characteristic. 

Finally, we use in section 2.4 a similar approach to give a new interpretation of 
the motivic nearby cycles with support of Guibert, Loeser and Merle [Gui-|-06]. 
This application has been suggested by the previous work of Nicaise and Sebag 
in [NS07b, 9.13], in which they give a description of the motivic nearby cycles 
of Denef and Loeser by means of the motivic volume of the so-called Milnor 
fibre, hence providing a setting similar to the one we work with in section 2.3. 


2.2 Preliminaries 

Notations and conventions 

2.2.1. We fix a complete discrete valuation ring R with fraction field K and 
residue field k. We will always assume that k is perfect. We also fix a 
uniformizer tt oi R and a 7 r-adic absolute value j-] on K. Recall that an 
extension R ^ R' is called unramified if it has ramification index one (i.e. 
TT is a uniformizer of R') and the extension of residue fields k'/k is separable. 
If is a strict henselization of R, then any unramified extension factors 
through and any subextension of R in is unramified. We denote by 
AT®*' the fraction field of i?®*'. For any perfect field extension k' of k, we denote 
hy R ^ TZ{k') the unique extension of R of ramification index one that induces 
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the extension k'/k on the residue fields. We will often write R' = TZ{k') and 
K' = FracR'. 

2.2.2. A variety over a Noetherian scheme S' is a separated S-scheme of finite 
type. A formal i?-scheme will be called stft if it is separated and topologically 
of finite type over R. For every i?-scheme X we denote by Xk and Xk its special 
and generic fibre, respectively. Likewise, for every stft formal ii-scheme X we 
write Xk for its special fibre (which is a fc-variety) and Xk for its generic fibre 
(which is a quasi-compact separated rigid AT-variety). In both cases, we say 
that X is generically smooth if Xk is smooth over K. If X is an i?-scheme, we 
will denote by X its formal 7r-adic completion. It is stft if X is separated and of 
finite type over R. For every AT-variety A, we denote by A’’*® its analytification 
in the category of rigid A'-varieties. If A is an algebraic or rigid A-variety, then 
an unramified point on A is a point in X[K') for some finite extension of K 
in We will denote by A(A®^) the set of unramified points of A. 

2.2.3. If A is a quasi-compact separated rigid A-variety, then a formal R- 
model of A is an stft formal i?-scheme X together with an isomorphism of 
rigid A-varieties Xk —t A. An admissible blow-up of A is a formal blow-up 
whose centre is supported in the special fibre X^. Such an admissible blow¬ 
up does not affect the generic fibre Xk- We recall that every quasi-compact 
separated rigid A-variety has a fiat formal A-model (see 1.3.4). 

2.2.4. Let [/ be a A-variety. By a compactification of U we mean a proper A- 
variety A endowed with an open immersion C/ —>■ A such that U is schematically 
dense in A. Such a compactification always exists by Nagata’s embedding 
theorem. If U is regular, then we say that A is an snc compactification if A 
is regular and the boundary X\U (with its reduced induced structure) is a 
divisor with strict normal crossings. Such snc compactifications exist when A 
has characteristic zero, by Hironaka’s embedded resolution of singularities. 

Grothendieck rings of varieties 

Grothendieck rings of varieties serve as value rings for motivic integrals and are 
natural spaces for motivic invariants such as the motivic Serre invariant that 
we handle in this chapter. 

Definition 2.2.5. Let 5 be a Noetherian scheme. The Grothendieck ring of 
S-varieties is defined as an abelian group by the following presentation: 

• generators: isomorphism classes [A] of ^varieties; 

• relations: for any closed subvariety Y of A, [A] = [F] -|- [A\F]. 
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We endow this group with a ring structure by putting [X] ■ [Y] '■=[X X 5 F] and 
denote it by ifo(Vars). We also write L = L 5 for the class of the affine line 
Ag and consider the localization 

Afs:=A:o(Vars)[L"^]. 

2.2.6. The handling of motivic invariants over discrete valuation rings of 
mixed characteristic leads to the use of a slightly modified Grothendieck 
ring of varieties, as explained in [NSlla, 2.4], Therefore, we will set 
KQ(Va.rs) ■= Ko{VeiYs) if R has equal characteristic, and denote by K^iVars) 
the modified Grothendieck ring of ^'-varieties if R has mixed characteristic 
(see [NSllb, 3.8.1] for a definition; in the latter ring, we identify classes of 
universally homeomorphic S'-varieties). We also set Adf := ATjf (Vars)[L“^]. 

2.2.7. Let /: X S' be a morphism of Noetherian schemes. It induces two 
morphisms between Grothendieck rings. First, a ring morphism 

/*: Xo(Vars) ^ Xo(Varx), [F] ^ [F xg X] 

called base change morphism; and then a group morphism 

f: Xo(Varx) Xo(Vars), [U] [17], 

called forgetful morphism. We emphasize that this latter morphism is not a 
ring morphism, as it sends 1 = ]X] on [Xj. But note that for any S-variety F 
and any X-variety V we have in Xo(Vars) 

/!([/*^] • [V]) = xg X) XX F] = [F Xg F] = [F] . [F]. 

In particular, /!(Lx • [F]) = Lg • [F]. 

These two morphisms factor through localization by and through the 
modified Grothendieck rings (see ]NSllb, §3.8]). 

2.2.8. In [Bit04, 3.1], Bittner gave a presentation for Xo(Varg) in terms of 
smooth F-varieties when F is a field of characteristic zero. Her proof is based 
on stratification of F-varieties into smooth varieties. Proposition 2.2.10 and 
corollary 2.2.11 below allow to deduce from Bittner’s proof a presentation 
of Fo(Varg) in terms of connected regular varieties, with no assumption on 
the characteristic of F (this is corollary 2.2.12). This presentation will be 
used in 2.3.22 to extend the motivic Serre invariant additively to arbitrary 
F-varieties. 

Definition 2.2.9. Let F be any field and X an F-variety. A regular 
stratification of X is a partition of X into finitely many connected regular 
locally closed subvarieties of X, called strata, such that the schematic 

closure of each is a union of strata. 
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Proposition 2.2.10. Let F be any Held, X a reduced F-variety and let 
iVa)aeA be Hnitely many closed subvarieties of X. Then there is a regular 
stratiHcation of X such that each Va is a union of strata. 

Proof. We first notice that every irreducible component Xi of X is a union 
of strata in any regular stratification. Indeed, the schematic closure of a 
stratum containing the generic point of Xi is necessary equal to Xi because 
Ni, is irreducible. We may therefore assume that neither X nor any irreducible 
component of X belongs to {Va). 

We proceed by induction on dimX. If dimX = 0, this is clear. Assume 
now dim AT > 1 and let Y = Ar\lJ^I4,. Denote by (W)i<i<n the irreducible 
components of X. Thus Yi:=Y CiXi are the irreducible components of Y. We 
set X° = Xi\ [Jjyi Xj, which is open in X, and similarly Y° = Yr\ X°. 

Each Yf admits a connected regular open dense subset Ui and dimyj°\[/i < 
dimX. Hence we can find regular stratifications {Ni^)^(zMi of Y°\Ui for every 
1 < i < n. We have in X 

N~={N~r^ Y°) u (7^ n {x\Yf)). 

Put X' := X\ [J- Y° . We have IJa C X' and since C Xi, we also have 

lv~nx' = N~n(x\Y°). 

We may now apply the induction hypothesis on X' with the family consisting 
of the closed subvarieties {Va)a and {Nifj_r\X')Mi for every 1 < i < n to obtain 
a regular stratification {N\)\ of X'. 

To sum up, we have 


X=|J[/,u|J|JiV,^u|JiVA. 

i i Mi X 

• Since X' is closed in X, each N\ is a union of strata of {N\)\. 

• Since r\Y° = Ni^ fl {Y°\Ui), they are unions of strata of 

• Each Nifj_ n (X\Fj°) is a union of strata of {N\)\ by construction. 

• Ui = Xi = Y°\J{X'fiXi) and X'ilXi is a union of irreducible components 
of X', hence a union of strata of {N\)\. 

• Each I4( is a union of strata of {N\)\ by construction. ■ 


Corollary 2.2.11. Two regular stratifications of an F-variety X admit a 
common reHnement. 
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Proof. If {Nv)v and [N\)\ are two regular stratifications of X, we apply 2.2.10 
on X with the family of closed subvarieties consisting of every N^, and N ■ 

Corollary 2.2.12. Let F be any Geld. As an abelian group, KofYaip) is given 
by the following presentation: 

• generators: isomorphism classes [U] of connected regular F-varieties U; 

• relations: [U] = [F] + [17\1^] whenever U is a connected regular F-variety 
and V is a connected regular closed subvariety of U. 


Weak Neron models and the motivic Serre invariant 

Definition 2.2.13. Let X be a IL-variety. A weak Neron model for A is a 
pair {U, i) where 

1 . U is a smooth separated i?-scheme of finite type, 

2 . l: Uk —>■ a is an open immersion, 

3. for every finite unramified extension R' of R with fraction field K’, the 
map U{R') —)• X{K’) induced by (. is a bijection. 

The analogous definitions apply when A is a separated rigid A-variety and U, 
X and y are stft formal ii-schemes. 

2.2.14. Beware that, in the algebraic case, our definition of a weak Neron model 
is less restrictive than the one used in [Bos+90, 3.5.1], where it is required that 
L is an isomorphism. It follows easily from the boundedness criterion [Bos+90, 
3.5.7] and [Bos+90, 3.4.2] that an algebraic A-variety A has a weak Neron 
model if and only if the set of unramified points on A is contained in the 
A-smooth locus Asm of A and bounded in A in the sense of [Bos+90, 1.1.2] 
(or equivalently, bounded in Asm by [Bos+90, 1.1.9]). Likewise, a separated 
rigid A-variety Y admits a formal weak Neron model if and only if there 
exists a smooth quasi-compact open rigid subvariety U oi Y such that the 
map U (A') —>■ Y (A') is a bijection for every finite unramified extension A' of 
A (see [Nidi, 4.8]). Now one deduces easily from the observations in [Nidi, 
§4] that an algebraic A-variety A admits a weak Neron model U if and only if 
its rigid analytification A"® admits a formal weak Neron model; in that case, 
W is a formal weak Neron model of A"®. 

Proposition 2.2.15. If X is a regular and proper K-variety, then X has a 
weak Neron model. 
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Proof. It follows from [GD67, 17.15.1] that X is smooth over K at each 
separable point, and thus at each unramified point. The set of unramified 
points on X is bounded in X because X is proper [Bos+90, 1.1.6]. Thus X has 
a weak Neron model. I 

Weak Neron models are far from being unique, in general. Nevertheless, the 
theory of motivic integration yields the following remarkable result. 

Theorem 2.2.16. Let X be a separated rigid K-variety which admits a weak 
Neron model U. Then the element 

Six) :^[Uk] e K^iXark)/il. - 1) 

only depends on X, and not on the choice of a weak Neron model. It is called 
the motivic Serre invariant of X. 

2.2.17. If X is smooth and quasi-compact, this result is due to Looser and 
Sebag JLS03, 4.5.3]. As was already observed in ]Nicll, 5.1], the general case 
follows from the proof of ]NS08, 5.9]. If X is an algebraic iL-variety with a weak 
N&on model U, then ^7 is a formal weak Neron model of so that 

5(X”S) = [Uk] e Xo«(Varfc)/(L - 1). 

We denote this invariant by <S'(X) and call it the motivic Serre invariant of X. 


Technical assumptions 

To prove the main results of this chapter, we need to formulate two technical 
assumptions, both of which would follow from the existence of embedded 
resolutions of singularities. 

2.2.18. Existence of snc compactifications. We will need to assume that, for 
every regular AT-variety U and every regular closed subvariety V of U, each 
compactification of U can be dominated by an snc compactification X of U 
such that the boundary X\U (with its reduced induced structure) is a strict 
normal crossings divisor that has transversal intersections with the schematic 
closure of 14 in X. This property is known if K has characteristic zero, by 
Hironaka’s embedded resolution of singularities for AT-varieties, but it is an 
open problem if K has positive characteristic and the dimension of U is at 
least three (recent work of Cossart and Piltant seems to have settled the three- 
dimensional case, see remark 2.3.23). 

2.2.19. Existence of weak Neron models for snc pairs. Let X be a regular 
proper A'-variety and let 9 be a divisor with strict normal crossings on X. We 
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will need to assume that every proper i?-model of X can be dominated by a 
weak Neron model X of X such that the schematic closure 9 of 9 fl Xk in X 
is a relative strict normal crossings divisor over R; since X is smooth over R, 
this is equivalent to saying that the union of d with the special fibre Xk is a 
divisor with strict normal crossings on X. Note that this implies that every 
prime component £1 of 9 is smooth at every point of its special fibre, since tt 
is part of a regular system of local parameters on E at such a point and k is 
assumed to be perfect. The existence of X is known if k has characteristic zero, 
by Hironaka’s embedded resolution of singularities for ii-varieties: we can take 
for X the i?-smooth locus of a regular proper i?-model such that the union of 
the special fibre and the schematic closure of d has strict normal crossings. It 
is also known if X is smooth over K and 9 is a smooth prime divisor, by the 
existence of weak N&on models of pairs proven by Nicaise in [Nidi, 3.15]. It 
is not hard to generalize the proof of the latter result to the case where X and 
9 are regular instead of smooth, but it seems more difficult to extend it to the 
case where 9 has several components. 


2.3 Construction of the motivic Serre invariant of 
a variety 


In this section we fix a smooth algebraic iH-variety U. In general, such a 
variety does not admit a weak Neron model, which prevents us from defining 
its motivic Serre invariant in a straightforward manner. The goal of this section 
is to provide a construction leading to such a dehnition. 


Main theorem 


Definition 2.3.1. A tubular datum for [/ is a couple {X,(Wa,fa)a) such 
that X is a normal compactihcation of U, {Wa}aGA is a finite admissible cover 
of A’’*® by quasi-compact open rigid subvarieties, and fa is an analytic function 
on Wa , for each a in A. We require moreover that there exists a Cartier divisor 
9 on X supported on X\f7 such that the restriction to Wa of the divisor induced 
by 9 on X'''® is defined by /q, = 0 for every a in A. 

2.3.2. Note that every smooth X-variety U admits a tubular datum, since 
we can start with any compactihcation X of 17 and consider the normalized 
blow-up of V at the reduced boundary V\I7. 
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2.3.3. Let {X,{Wa, fa)a) be a tubular datum for U. For every nonnegative 
integer 7 , we set 


:= U {x e 

aeA 


\fa{x)\ > iTTpj. 


Each of the sets 


W, 




= < CC e Wa 


\Uix)\ > | 7 rp| 


is a quasi-compact open rigid subvariety of Wa- It follows that U-y is a quasi¬ 
compact open rigid subvariety of the smooth separated rigid variety C/'''® and 
therefore admits a weak Neron model. It is clear from the definition that the 
sequence {Uy)y>o is increasing and that 


C/”g =\JUy= \j\^xeWa 

7>0 ct^A 


\faix)\ > 0 |. 


We will call {Uy)y>o the approximating sequence associated to [X, (Wa, fa)a) ■ 

Theorem 2.3.4. Assume that the properties (2.2.18) and (2.2.19) hold (this 
is known if k has characteristic zero). Let U be a smooth K-variety. Let 
T = (X, (Wa,fa)a) be 3 tubular datum ofU and let (Uy)y be the associated 
approximating sequence. Then there exists a positive integer 70 such that 
for every integer 7 > 70 we have S(Uy) = S{Uyg) in K^(Vark)/(lL — 1). 
Furthermore, this value S(Uyg) only depends on U and not on T. 


We postpone the proof to 2.3.18. 

Definition 2.3.5. With the notations of 2.3.4, we define the motivic Serve 
invariant S(U) of t/ as S(Uyg). 

2.3.6. If U(K^^) = 0, then for any tubular datum T we have Uy(K^'^) = 0 
for all 7 > 0 and 0 is a weak Neron model for each Uy. Hence S{Uy) = 0 for 
every 7 and S{U) = 0. Thus the nonvanishing of S{U) is a sufficient condition 
for the existence of an unramified point on Lf. 

Example 2.3.7. Consider the variety U = = SpecLf[a::o] and the tubular 

datum {P]^,(Wa,fa)i=i, 2 ) given by 


{Wi,h) 

(W2,f2) 
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where (xq : xi) are homogeneous coordinates on Then for every 7 > 0, we 
have Wi(^) = Wi and 


W2 




thus Uj is the closed disc Spif{ tt'^xo/xi} of radius | 7 r|~"’' around the origin 
in Since the formal affine line Spf i?{ 7 r'>'xo/xi} is a weak Neron model 

for U^, we find that S{U-y) = 1 in if^(Var/c)/(L — 1) in for every 7 > 0. Thus 
= 1 . 


The following proposition confirms that the motivic Serre invariant in definition 
2.3.5 agrees with the definition given in 2.2.17 when U admits a weak Neron 
model. 

Proposition 2.3.8. Let U be a smooth K-variety that admits a weak Neron 
model Id. Then the motivic Serre invariant ofU as defined in 2.3.5 equals the 
class [Uk] in if(f (Varfe)/(L — 1). 


Proof. Let T be a tubular datum for U and let ( 1 / 7)7 ^e the associated 
approximating sequence. Since (V()k is a quasi-compact subvariety of 17“''®, 
there exists 70 > 0 such that 

{N)k c 1/7 C U'-'s 

for every 7 > 70 . But for every finite unramified extension if'/if, we then have 
[/■■ig(if') = {U)k{K') C U^{K') C 17'''S(if'), 
so that U is a weak Neron model of 1/7 and S{Uj) = [7/fe] for all 7 > 70 . ■ 


Greenberg schemes and the motivic measure 

In order to prove theorem 2.3.4, we interpret the motivic Serre invariants S(U.y) 
in terms of motivic measures of cylinders in the Greenberg scheme of a weak 
Neron model of X. We first recall some important definitions, referring to 
[NSlla, 2.2] and [Seb04] for further background. 

2.3.9. Let X be an stft formal i?-scheme. For every integer n > 0, we denote 
by Grn{X) the Greenberg scheme of level n oi X. This is a separated fc-scheme 
of finite type and there exists for every perfect held extension k' oik a canonical 
bijection 


Gr„(T’)(fc') =T’(7^(fc')/(T“^+')). 
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For n = 0, we have Gro(A’) = X^. The Greenberg schemes of different levels 
fit into a projective system with affine transition morphisms 

C: GVm{X) ^ Gln{X) 

for m > n which correspond to reduction modulo on the level of k'- 

points. The projective limit of this system is a fc-scheme Gr(df) (of infinite 
type, in general) endowed with projection morphisms 

• Gr(df) —F Gr„(d;:’). 

This scheme is called the Greenberg scheme of X. It parameterizes unramified 
points on X: for every perfect field extension k' of fc, there is a canonical 
bijection 

Gr[X){k') = X{n{k')). 

2.3.10. The Greenberg scheme of level n of the formal affine space is quite 
easy to describe: it is (non-canonically) isomorphic to (see [NSlla, 

2.2.3]). We will be able to reduce to this case for computations using the 
following proposition. 

Proposition 2.3.11 ([NSlla, 2.2.4]). Let X ^ y be an etale morphism ofstft 
formal R-schemes. Then for every m > n > 0 the canonical diagram 


GimiX) - -. Gr™(3^) 


Gir^iX) -. Gr„(3;) 


is cartesian. 

2.3.12. A cylinder in Gr(A’) is a subset of the form C = {On)~^{Cn) for some 
n > 0 and some constructible subset Cn of Gr„(A’). If X is smooth over R of 
pure relative dimension d, then the morphism 0™ is a locally trivial fibration 
with fibre for every m> n. It follows that the element 

Px{C):=[Cr^]L-^''^ €Mx, 

does not depend on the choice of n. It is called the motivic measure of the 
cylinder C. 

The following result on cylinders will be needed in 2.3.15. We prove it here by 
lack of a proper reference. 
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Proposition 2.3.13. A cylinder in Gr{X) is fully determined by its sets of 
points over finite extensions of k. 


Proof. Let C = 6 >„^(C'„) and V = 9.^^(Dm) be two cylinders such that C{k') = 
for every finite extension fc'/fc. We may assume by [Seb04, 4.3.9] that 
m = n, Cn = 9n{C) and Dn = 9„{T>). 

By [GD 66 , 10.4.7], the set of closed points of Gr„(ff) is very dense in Gr„(ff). 
Hence any constructible subset of Gr„(ff) is fully determined by the set of its 
closed points (see [GD 66 , 10.1.2(c’)]). 

Now a closed point x G Cn induces a point x G Cn{k') for some finite extension 
of k. By Greenberg’s approximation theorem, there is some I > n such that 
9n{Gr{X)) = 0(j(Gr/(df)). Hence the fibre of 9l^ is nonempty over x. Since 
Gti{X) is of finite type over fc, it contains a fc"-point for some finite extension 
k"/k', and this point lifts to a point in Cik”). In particular, the set of closed 
points of Cn is fully determined by the sets of points over finite extensions of k 
of C. It follows at once from the assumptions that Cn = Dn, thus C — V. ■ 

2.3.14. Let I be a coherent ideal sheaf on X. If k' is a perfect field extension 
of k and (/2 is a point in X{TZ{k')), then we set 


ordx{(p) ■■= min|T(v2*(/)) / G | G N U {+oo} 

where s denotes the closed point of SpecTZ{k') and v is the normalized discrete 
valuation on TZ(k'). In this way, we obtain a function 


ordi: Gr(df) —i-N U {oo} 


and it is easy to see that its fibres over elements of N are cylinders. If D is the 
closed subscheme of X defined by I, we will also denote this function by ordu. 


Proof of the theorem 

Proposition 2.3.15. Let (X, (Wa, fa)a) be a tubular datum for U and let X 
be a weak Neron model for X. Then for every integer 7 > 0, there exists a 
unique cylinder Cj in the Greenberg scheme Gt(X) with the following property: 
if k' is a finite field extension of k, R' = TZ{k') is the associated unramihed 
extension of R and K' is the quotient field of R', then the k'-points in Cj 
correspond precisely to the K'-points of under the natural bijections 

Gr(X)(k') = X(R') = X’''S(K'). 
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Moreover, 


in i^^(Varfe)/(L - 1). 


S{U^) = 


Proof. The cylinder is unique by 2.3.13. To prove its existence and the 
expression for S{Uy), we can argue as follows. By 1.3.5 and [BS95, 3.1], we can 
find a weak Neron model Uj of U.y dominating X and such that the induced 
morphism of rigid varieties {U~f)K {X)k corresponds to the inclusion U.y fl 
{X)k {X)k- Then we define to be the image of the injective morphism 
Gr(^Y^) —F Gr(T’). Thus, for every finite extension k' of k, we have 

C^{k') = GiiU.y){k') = U^{K'). 

It follows from [NSlla, 2.4.4] that C.y is a cylinder and that 

in itr,^(Varfc)/(L — 1). On the other hand, we have 

^Jiu,{Gr{U,)) = [{UM = S{U^) 

in itr^(Varfe)/(L — 1) because is a weak Neron model for ?7.y. ■ 

Thus, to prove that S{U.y) stabilizes for large 7 , we need to understand how 
the motivic measure of C.y depends on 7 . We will first study this question for 
a particular class of tubular data. 

Definition 2.3.16. A tubular datum [X, (Wa, fa)a) for U is said to be snc 
if X is regular and the Cartier divisor d supported on X\U has strict normal 
crossings. A weak Neron model A of A is called adapted to an snc tubular 
datum (a, (Wa,fa)a) if the following conditions are satisfied: 

1 . the schematic closure of i9 fl Xk in A is a relative strict normal crossings 
divisor over R; 

2. for each a in A there exists a formal open subscheme Wa in A such that 

(w„)k = n {x)k. 

We can find an snc tubular datum for U by our assumption (2.2.18). The 
existence of adapted weak N&on models follows from our assumption (2.2.19): 
starting from any proper i?-model of A, we can ensure that (2) holds by taking a 
suitable admissible blow-up (see 1.3.5), and then dominate the resulting model 
by a weak Neron model as in (2.2.19). 
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Proposition 2.3.17. Let (X, {Wa, fa)a) be an snc tubular datum for U and 
let X be an adapted weak Neron model. Denote by y the complement in X of 
the Zariski closure of X\U. Then there exists an integer 70 > 0 such that 


S(Uj) = [3^fc] 


in (Varfe)/(L — 1) for all 7 > 70 . 


Proof. We define the cylinders as in proposition 2.3.15; it suffices to show 
that 


hx[C^) = \yk\ 


in ff^(Varfc)/(L — 1) when 7 is sufficiently large. Denote by d the Cartier 
divisor on X supported on X\U and defined by /„ = 0 on each W^. Let d be 
the schematic closure of 9 fl Xk in X ; this is a relative strict normal crossings 
divisor over i?, which we write as 


d = NiDi + ... + NtDt. 


Here Di,... ,Dt are the irreducible components of d and Ni,... ,Nt are their 
multiplicities. For every element 6 of N*, we consider the cylinder 



in Gr(X). 


We take formal open subschemes Wa of X as in definition 2.3.16, and we denote 
by Wcj, j = 1,..., Cq, the connected components of Wa. For every j we denote 
by rrictj S Z the order of fa along the special fibre of kVaj. This means that 
fa = for some section ga G 0{Wa,j) defining d on Waj. If k' is a 

finite extension of k, R' is the associated unramified extension of R, K' is the 
quotient field of R' and a; is a point of 


Gr(W„.,)(Ai') C Wa{,K'), 


then 



i=l 

where v denotes the 7 r-adic valuation on K'. 


We write A' for the set of couples (a, j) with a in H and 1 < j < Cq. For every 
nonempty subset B of H', we set 



n (Wao)fc\( U 
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As B runs over the nonempty subsets of A', the sets ^ form a partition 
of Xk into locally closed subsets. For every 5 in N*, we set 

Vs,B :=P5n(0o)“'(>V^,J. 


This is still a cylinder in Gr(A’). Note that 


Vo,B = {o^)-\w°B^,r\yk), 

where we write 0 for the zero vector in N* 

It is clear from the definition of the cylinder C.y that, for every nonempty 
subset B of A', we can write 

C^n( 0 o)-'(>V^.JCGr(A) 

as a finite disjoint union 

U 

S 

where 6 runs over the set of elements in N* such that 
Fn-a j + + ... + Nt5t < 7 

for at least one element {a,j) in B. We will prove below that the motivic 
measure of Vs^b is zero in Ar,J*(Varfe)/(L — 1 ) unless 5 is the zero vector 0 . 
Assuming this claim for now, we find that 

n (0o)-'(w^,j) = n y^)) 

in ATff (Varfc)/(L — 1) if 7 > for some (a, j) in B, and 

MT'(c^n(0o)"'(>v^.j) =0 

in ATff (Varfc)/(L—1) otherwise. Thus, when 7 is sufficiently large, the additivity 
of the motivic measure yields 

B 

in ATif (Varfe)/(L — 1), where B runs over the nonempty subsets of A'. 

It remains to prove our claim. Suppose that 5 is an element in N* that 
is different from the zero tuple 0. It suffices to show that {Ds] = 0 in 
ATif (Var;t>^)/(L — I); the result then follows from base change to Since 
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9 is a relative strict normal crossings divisor, we can cover X by formal open 
subschemes V that admit an etale i?-morphism 

/i: V^A^ = Spfi?{Ti,...,T4 


such that the restriction of the divisor Di + ...+ Dt to V is defined by the 
equation 

h*{Ti---Tr) =0 

for some r > 0 less or equal to both d and t. Using 2.3.11, we can reduce the 
computation to the case where X — and the component Di is defined by the 
equation = 0, for f = 0,..., r. We can also assume without loss of generality 
that = 0 for every r < i < t, since otherwise Vs would be empty. For any 
integrer n > maxi<i<r(5i, we can write Vs as a cylinder over a subvariety Z 
of Gr„(A’). The condition ordi 3 i(T) = 5i translates under the isomorphism 


Gr„(A^) = Spec A: Ta,b 


a = 1 ,..., d; 6 = 0 ,.. 


n 


= Gro(A^) Xfc Spec A: Ta,b 


a = 1,... ,d;b 



as Ti^b = 0 ii b < Si and Ti^Si 7 ^ 0 (see 2.3.10). Since at least one of the 
coordinates Si is positive, we can write Z as a product of Gm,Xk with another 
variety over Xk- It follows that [Z] = \Vs] = 0 in if(f(Var;v'^)/(L— 1 ), which is 
what we needed to prove. ■ 

2.3.18. Proof of theorem 2.3.4- Let (X, (Wa, fa)a) be a tubular datum for U. 
Then by assumption (2.2.18), we can find a proper birational morphism of 
if-varieties h: X’ ^ X such that X' is regular, h is an isomorphism over U 
and the boundary X'\h~^{U) is a divisor with strict normal crossings on X'. 
Setting and fa we get an snc tubular datum 

(AT', {W'a, fa)) which gives rise to the same approximating sequence U-y. Thus 
we may assume that {X,{Wa, fa)a) is snc. In this case, it follows from 
proposition 2.3.17 that the motivic Serre invariant S{U.y) stabilizes for large 
7 . This proposition also implies that the limit value of S{Uj) only depends 
on the pair (X, U), and not on the choice of the pairs iWa, fa)- On the other 
hand, the reasoning above shows that the limiting value does not change either 
if we replace X by another snc compactificatification of U that dominates X. 
Since we can dominate any pair of snc compactifications of U by a common 
one, we conclude that the limit of the sequence S{Uj) only depends on U, and 
not on the choice of a tubular datum (X, {Wa, fa)a) ■ 
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Extension to Mk 

2.3.19. In this section, we will assume that properties (2.2.18) and (2.2.19) 
hold, so that the motivic Serre invariant of a smooth K-variety U can be 
defined thanks to 2.3.4. Our aim is to define the motivic Serre invariant for 
arbitrary K-varieties X; this will be achieved in theorem 2.3.22. As a first step, 
we explain how to compute the motivic Serre invariant of a smooth AT-variety 
U from an snc compactification X. Recall that this means that A is a regular 
compactification of U and that the boundary X\U (with its reduced induced 
structure) is a strict normal crossings divisor, which we write as d = 

For every subset J of /, we set 

Ej = f| E,. 

i&J 

In particular, E(j^ = X. Note that each of the schematic intersections Ej 
is again a regular proper AT-variety, hence admits a weak Neron model by 
proposition 2.2.15. 

Proposition 2.3.20. The motivic Serre invariant of U is given by 

SiU) = ^(-l)'‘"5(Aj). 

J<ZI 

Proof. By our assumption (2.2.19), the regular proper A-variety X has a weak 
Neron model X such that the schematic closure 9 of 9 fl Xk in A is a relative 
divisor with strict normal crossings over R. In order to apply proposition 2.3.17, 
we need to show that there is a tubular datum for U for which X is adapted. 
If the generic fibre of X is the whole of A, it suffices to cover X by opens on 
which 9 is a principal divisor. The 7r-adic completion of this cover yields a 
cover of {X)k = A*''®. If it is not, we consider instead a compactification X 
over R of the variety obtained by gluing X and A along U: we have Xk = X 
and blowing-up ensures that the schematic closure of 9 in A is Cartier. 

Proposition 2.3.17 now implies that 

SiU) = [(A\9)fc] 

in Ar((*(Varfc)/(L — 1). For every subset J of /, we denote by Aj the schematic 
closure of Ej fl Xk in X. We have Ej{R') = Ej{K') = Ej^smiK') for every 
finite unramified extension R' of R because X{R') = X{K') and Ej is regular. 
Furthermore, since Ej is smooth over R at every point of its special fibre, its 
i?-smooth locus is a weak Neron model for Ej and we get in A'((^(Varfc)/(L— 1) 

^(-l)l-^l5(Aj) = ^(-l)l-^lpj)fc] = [(A\9)fe]. ■ 

JCI JCI 
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2.3.21. We will now extend the definition to regular /iT-varieties U by setting 
S{U) ■=S{Usni), where Usm denotes the itT-smooth locus of U. Note that this 
definition is reasonable because the complement of Usm in U does not contain 
any unramified points (see the proof of proposition 2.2.15). In particular, any 
weak Neron model for U is also a weak Neron model for Usm] this proves the 
equality if such a model exists for U. We can now extend the motivic Serre 
invariant to arbitrary iiT-varieties thanks to proposition 2.3.20. More precisely, 
we have the following result. 

Theorem 2.3.22. There exists a unique ring morphism 
S: Mk ^K^{Ve.rk)/{h-l) 

such that ^([C/]) = S{U) for any smooth K-variety U and S'([f7]) = 0 if U is 
a K-variety without unramihed points. Moreover, if U is a K-variety with a 
weak Neron model U, then S'([17]) = [Uk] in (Varfc)/(L — 1). 

Proof. The axioms in the statement imply that 5'([17]) = S{Usm) for every 
regular iC-variety X with i^-smooth locus Usm, since the complement of the 
smooth locus does not contain any unramified points. It follows immediately 
from the presentation given in 2.2.12 that S is unique if it exists. To prove its 
existence, we first extend the motivic Serre invariant to a morphism of groups 

S : KoiYaTK) ^ X^(Varfe)/(L - 1). (2.3.22.1) 

To this end, it suffices to show that 

S{U)=S{V)+S{U\V) (2.3.22.2) 

whenever 17 is a connected regular i7-variety and y is a connected regular 
closed subvariety of U. We will prove this in three steps. 

Step 1: The case where V has no unramified points. In this case, S{V) = 0 
and we need to show that S{U) = S{U\V). By the definition of the motivic 
Serre invariant of a regular i7-variety, we may assume that U is smooth. 
Let X be a regular compactification of U such that the closure V of V has 
transversal intersections with the boundary divisor d = X\U (we use here our 
assumption (2.2.18)). Then 1^ is a regular compactification of V, and it has 
no unramified points (the same argument as in the proof of [Nidi, 4.6] shows 
that every weak Neron model of V must have empty special fibre). We denote 
by X' the blow-up of X at F, by C X' the exceptional divisor and by El the 
strict transform of each irreductible component Ei of d] these are all regular 
proper X-varieties, and 


D = (J X' U X 
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is a divisor with strict normal crossings on X'. Applying proposition 2.3.20 to 
the snc compactification X' of U\V, we get, using the notation of 2.3.19, 

S{U\V) = n E). 

JCI JCI 

By induction on the dimension of U, we can assume that S{E'j) = S{E'j^E) + 
S{Ej\E) because E does not contain any unramified points. Hence we obtain 

S{U\V) = Y,i-^)'^'S{E'j\E) = = S{U) 

JCI JCI 

since X'\E —F X\V is an isomorphism and V has no unramified points. 

Note that this result implies that S{U) = S{U\W) for every (not necessarily 
regular) closed subvariety W oi U without unramified points, by induction on 
a regular stratification of W (see definition 2.2.9). This more general equality 
will be used in the next steps to reduce to the case where U and V are smooth. 

Step 2: The blow-up relation. Let Y be any regular AT-variety with a weak 
Neron model, let Z be a regular closed subvariety of Y and denote by Y' ^ Y 
the blow-up of Y at Z, with exceptional divisor E. We will show that 

S'(y) - S{Z) = S{Y') - S{E). 

This relation will be used in Step 3 to finish the proof. Removing from Y the 
union of the nonsmooth loci of Y and Z, we can assume that both Y and Z 
are smooth by Step 1. This case was proven in [Nidi, 5.3]. 

Step 3: General case. Now we can prove the general case of (2.3.22.2). 
Removing from U and V the union of the nonsmooth loci of U and R, we 
can assume that both U and V are smooth by Step 1. We again take an 
snc compactification X of U such that the closure V of V has transversal 
intersections with the boundary divisor d = X\U, and we denote by X' the 
blow-up of X at V, with exceptional divisor E. Observe that V is an snc 
compactification of V. We write d — J2iei for every subset J of I, we 

set 

i£j i^J 

We use once more proposition 2.3.20 to compute S{U), S{U\V) and <5'(R). 
Assume by induction that (2.3.22.2) holds for every regular variety U' of 
dimension strict smaller than U and every closed subvariety V of U' (it clearly 
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holds if U' has dimension 0). Then we can write 
S{U)=SiX)+ Y. 

m^jci 

= SiX)- Y S{E°j) 

0#JC7 

= SiX)- Y S{E°jnV)- Y S{E°j\V) 

0#JC7 05^JC7 

= 5(X) + 5(y)-5(F)- 5] SiE°j\V), 

and similarly 

S{U\V) = S{X') - S{E) - Y S{E°j\V) 

m^jci 

because X'\E —>■ is an isomorphism. Now the result follows from Step 2. 

It follows easily from 2.3.20 that the map (2.3.22.1) is a ring morphism, because 
weak Neron models are compatible with products (see [Nidi, 4.10]). It remains 
to show that, if [/ is a iiT-variety with a weak Neron model U, then 5'([t/]) = [Uk] 
in (Varfc)/(L— 1). The existence of a weak Neron model implies that all the 
unramified points of U are contained in the if-smooth locus l/gm of U; since U 
is also a weak Neron model of Usm, we have 

S{[U]) = SiU,^) = [Uk] 


by proposition 2.3.8. ■ 

Remark 2.3.23. Cossart and Piltant seem to have recently proved resolution 
of singularities for three-dimensional quasi-excellent schemes in [CP14, 1.1]. 
This result together with previous work of Cossart, Jannsen and Saito 
([Cos-|-09, 0.3]) yields embedded resolution in three-dimensional schemes. Our 
construction consequently produces a motivic Serre invariant for iP-surfaces, 
with no assumption on the characteristic of K. 


Application: Serre’s question 

2.3.24. Let f be a field and G a finite Ogroup, with £ a prime number invertible 
in F. In [Ser09], Serre asks whether every G-action on the affine space 
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admits a rational fixed point. Esnault and Nicaise gave a positive answer, 
among other cases, when F has characteristic zero and is the fraction field K 
of a complete discrete valuation ring with algebraically closed residue field 
of characteristic different from In fact, they even proved that for any K- 
variety [/, the nonvanishing of the rational volume of U (see definition 2.3.25) 
modulo £ implies the existence of a rational fixed point for the G-action on U 
(see [ENll, 5.18]). 

In this section, we will assume that conditions (2.2.18) and (2.2.19) hold and 
show how to adapt the arguments of [ENll, 5.18] to our extension of the motivic 
Serre invariant. This yields in particular a conditional proof of Serre’s question 
with no restriction on the characteristic of K. 

Definition 2.3.25. For any itT-variety t/, we define the rational volume of U 
as 

s{U):=Xc{SiU))€Z, 

where Xc denotes the Euler characteristic with proper support of a fc-variety 
(see [ENll, 2.3]). 

Definition 2.3.26. Let t/ be a smooth iiT-variety and G a finite group acting 
on U. An equivariant compactification of 17 is a compactification 77 of 17 on 
which the action of G extends. A tubular datum {X,{Wa, fa)a) is said to 
be equivariant if X is an equivariant compactification of U and if each rigid 
variety U-y of the associated approximating sequence is G-invariant. 

Proposition 2.3.27. Let U be a smooth K-variety. There exists an 
equivariant tubular datum for U. 


Proof. Let 77' be an equivariant compactification of U. Blowing-up 77' in X'\U 
and normalizing yields a normal equivariant compactification X of 17 whose 
boundary 3 is a Cartier divisor. By [ENll, 4.3], there exists a G-model X 
of X. Covering X by open subsets Va on which d is defined by some fa 
yields a tubular datum {^X, {{Va)K, fa)) ■ We need to show that every Uy is 
G-invariant. 

Let X € (Va)ic be such that \fa{x)\ > [tt]"' and denote by 4>g the automorphism 
of X"® corresponding to the element g G G. If (fgix) G (V^g)*-, then we have 
(t>gfa = ufp for some unit u of norm one, because d is G-invariant. In particular, 

\fp{(l^g{x))\ = Wgfa{(l)g{x))\ = \faix)\ > [tt]^, 


from which we conclude that (fgix) G Uy. 
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Theorem 2.3.28. Let £ be a prime number and G a finite £-group. Let K 
be a complete discretely valued Geld whose residue Geld k is perfect and of 
characteristic different from 1. Let U be a K-variety with good G-action. Then 

s{U) = s{U^) mod £. 

In particular, if I does not divide s{U), then ^ 0. 

Proof. Since every side of the congruence is additive with respect to G-invariant 
closed immersions, we can assume that U is smooth (one can deduce a 
presentation for the equivariant Grothendieck ring as in 2.3.22 by stratifying 
every if-variety with good G-action into G-invariant regular varieties). 

Let {X,{Wa,fa)a) be an equivariant tubular datum for U. Since the 
rigidification functor preserves fibred products and immersions, we see from 
the construction in [Edi92, 3.1] that 

(f7G)rig ^ ([7rig)G_ 

Let {U.y) be the associated approximating sequence. Since each is G- 
invariant, we can consider their subvariety of fixed points {U^)^ and we have 

n n = (g°)^, 

where (G*^).^ is an element of the approximating sequence associated to 
the equivariant tubular datum (U^,{Wa n (G^)'''®,/„)) of the smooth K- 
variety (see [Edi92, 3.4]). 

Choose 7 sufSciently large such that S{U) = S{U.y) and S{U^) = S{Uff) and 
let il be a weak G-Neron model for By [ENll, 4.6], is a weak Neron 
model for Lf^. We then have modulo £ 

S{U) = Xc{siu-,)) = Xe(iis) = Xc(iif) = Xc{s{u^)) = s(u^). m 


2.4 Motivic nearby cycles 


Throughout this section, we will assume that charfc = 0. 


Motivic nearby cycles with support 

2.4.1. Eor any /c-scheme of finite type S, we denote by XisYcm equivariant 
Grothendieck ring of ^'-varieties with monomial Gm-action defined in [Gui-|-06, 
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2.3]. It comes equipped with a forgetful morphism to Ads which is the 
composition of the morphism 

-^SxG„ -^SxGm 

that forgets the Gm-action and the morphism 


AdsxG„ -t Ms 


induced by base change to S' x {1} = S'. Modulo the canonical isomorphism 
■^SxGm ~ from [Gui+06, 2.6] this amounts to forgetting the action of the 
profinite group scheme of roots of unity fi. 


2.4.2. Let 

g: Y —)• AI = Spec k[t] 

be a dominant morphism from a smooth /c-variety Y of pure dimension m. We 
denote by Sg € the motivic nearby cycles of g as defined in [Gui+06, 

3.6.2], where Yfc denotes the zero locus of g. 

2.4.3. In [Gui+06, 3.9] Guibert, Loeser and Merle extend the invariant Sg to 
a morphism 

Sg - My 

in such a way that Sg([+]) = Sg. For this, they define an intermediate object 
Sg_( 7 , the motivic nearby cycles of g with support in U, where t/ is a dense 
open subset of +, as follows. Denote by D the closed subset Y\U of Y with 
its reduced induced structure. For every nonnegative integer n we denote by 
Cn{Y) the n-th jet scheme of +, parameterizing points on Y with coordinates 
in fc[t]/(t”+^). For every positive integers d and 7 we consider the reduced 
subvariety 


yJ‘^{g,U) = {^ G C^diY) 


OTdg{ip) = d, ordu cp < ydj 


of £~^d{Y), equipped with the morphism y2‘^{g, U) —>■ Gm which sends a jet ip 
to the angular component of g{p). This morphism is piecewise monomial with 
respect to the action of Gm defined by a ■ p(t) = p{at), so that we may consider 
the class of yj^{g, U) in My^^Q^ . Introducing 


^luiT) := ^ [yf{g, U)] e [Tl 

d>l 


one shows that the limit — limr^oo ■^Jc/(T) is well-defined in M.Y’fxGm 
independent of 7 for 7 sufficiently large. This value is used as the definition 
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of Sg^u- See [Gui+06, 3.8] for more details. Then it is shown in [Gui+06, 3.9] 
that there exists a unique A4fc-linear group morphism 

Sg : My -^YZy-Gm 

such that ([{/]) is the image of Sgohu under the forgetful morphism 
■^IrxG. —5, for every smooth /c-variety Z, every proper morphism 

h: Z ^ Y and every dense open subvariety U of Z. Note that uniqueness 
follows immediately from the fact that the classes of such Y -varieties U generate 
the Grothendieck group KoiVa-iy), by resolution of singularities. 

The aim of this section is to give another construction of the object Sg^jj using 
tubular data to approach U by quasi-compact rigid subvarieties, as in the 
previous section. 


The motivic volume of a quasi-compact rigid variety 

2.4.4. We set R — and K = fc((t)). For every positive integer d we write 
R{d) = R[T]/{T'^ — t) and K{d) = Fraci?((i). If X is an stft formal i?-scheme, 
we denote by X{d) the stft formal i?(d)-scheme X Xr R{d), and similarly for a 
rigid if-variety. 

2.4.5. We will need a slight refinement of the motivic volume of a rigid K- 
variety constructed in [NS07b] and [Nic09]. First, we recall the definitions given 
there. Let X be an stft formal i?-scheme of pure relative dimension m. Suppose 
that Xk is smooth over K and that it admits a volume form w, that is, a 
nowhere vanishing differential form of maximal degree. Let y ^ X he a Neron 
smoothening, i.e. 3^ is a weak Neron model for the rigid variety Xk- We will 
again denote by ui the pullback of w to yx- For every connected component 
C of 3^fc, we denote by ordcw the unique integer a such that 7r““a; extends 
to a relative volume form on an open neighbourhood of the generic point of C 
in y. Then the change of variables formula for motivic integrals implies that 
the expression 

f la;l:= ^ e Mx, 

only depends on X and w, and not on the choice of the Neron smoothening (see 
[NSlla, 2.6.1]), where 7ro(3^fc) denotes the set of connected components of yu- 
We call this invariant the motivic integral of u on X . 

2.4.6. Let X he a generically smooth stft formal i?-scheme and ui a volume 
form on Xk- One can show that the volume Poincare series 
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where a;(d) denotes the inverse image of uj in X{d), is actually an element of 
the ring 


M 


Xk 


L“T'’ 


-1 - 


(a,6)^5 


for some finite subset S of Z©Z>i. This ring is equipped with an -linear 
morphism 


lim : Mxk 

T->oo 


Lay 6 


-1 - {a,b)&S 


^Mxk 


that sends any product onto (—1)^^' [Xk] (see [NS07b, 8.1]). 

The image of S{X,u};T) under this morphism is called the motivic volume 
of X and it will be denoted by Vol(d:’) (the notation S{X-, K^) was used in 
[NS07b] and [Nic09]). It does not depend on oj and can be computed explicitly 
on a log-resolution for the pair {X,Xk) (cfr. [NS07b, 8.2]). By an additivity 
argument we can still define the motivic volume without the assumption that 
Xk admits a volume form; see the remark following [NS07b, 8.3] and [Nic09, 
§7.4]. 


Proposition 2.4.7. Let X be an stft formal R-scheme and let V be a separated 
smooth quasi-compact rigid K-variety endowed with a morphism f: V ^ Xk- 
Let V be a formal model of V and let V ^ X be a morphism of formal R- 
schemes that extends the morphism f. 


1. Let UJ be a volume form on V. Then the image of the integral 



under the forgetful morphism Mvk Xixk depends only on V, X and f, 
and not on the chosen model V. 

2. The image of the motivic volume Vol(V) in Mxk depends only on V, X 
and f, and not on V. 

Proof. Let V ^ X and V' ^ X he two such models of the morphism /. By 
[NSlla, 2.5.13(2)], there exists a weak Neron model W of P which dominates 
V and V'. By definition of the motivic integral of a volume form, we have 
equalities 



in Mxk- This proves the first part of the statement; the second part now 
immediately follows from the hrst, since the definition of Vol(V) is based on 
such integrals. ■ 
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Definition 2.4.8. With the notations of proposition 2.4.7, we denote by 
Vo1a:’(F) the image of Vol(V) in M-x^ and we call this invariant the motivic 
volume of V over X. 


The motivic volume of an algebraic variety 

2.4.9. We fix a separated i?-scheme of finite type Y^ a smooth connected K- 
variety U of dimension m and a morphism of iiT-varieties h: U ^ Yk, where 
we set Yk = Y Xn K. We denote by Y the t-adic completion of Y. The 
generic fibre {Y)k is a quasi-compact open rigid subvariety of (yR-)"®, and the 
morphism h induces a morphism of rigid 7f-varieties /i"®: —>■ (Tr')'^'®. 

We choose a tubular datum (X, {Wa,fa)a) for the smooth if-variety U and 
we consider the associated approximating sequence (U^)^>q of quasi-compact 
open rigid subvarieties of t7“'‘®. For every 7 > 0, we set 

c/; = [/^ n (h”®)-i(yx). 

One can show just as in the case of schemes (see [GD60, 6.6.4]) that this is 
again a quasi-compact open rigid subvariety of t/'^'®. 

Theorem 2.4.10. There exists an integer 70 > 0 such that, for every 7 > 70 , 
we have 

voi^([/;) = voi^(i7;) 

in Mvk ■ 

2.4.11. Before diving into the proof, we recall some facts from [NS07b, §4] 
about Neron smoothenings of extensions X{d) = X Xr R{d) of a regular stft 
formal i?-scheme X whose specicial fibre X^ = is a strict normal 

crossings divisor. For every nonempty subset J of /, we set 

Ej=P\ E, and E°j = Sj\(U E,'). 
j^J i^J 

We cover Ej by open subsets Spf A on which tt = u J][ j where u is a unit 
on A and the Xi are part of a regular system of paramet^s. Then the i?-formal 
schemes Spf — 1) glue to a Galois cover Ej of Ej, where mj is 

the greatest common divisor of the multiplicities Ni, for i £ J. 

One can compute explicitly a Neron smoothening for X(d) when d is not X^- 
linear, that is, if whenever d can be written as an N-linear combination 

d = 

I 
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then all but one Si is zero. The smoothening is given in this case by the R{d)- 
smooth locus of the normalization of X{d), and its special fibre is canonically 
isomorphic to 

LJSf' 

Ni\d 

Furthermore, [NS07a, 5.17] ensures that one can always assume that d is not 
Tfc-linear after a finite sequence of blow-ups along some Ej. This will allow us 
to carry over our computations to the general case. 

Proof of theorem 2.4-10. Arguing as in the proof of theorem 2.3.4, we see that 
it suffices to prove the result if (X, (ITq,, fa)a) is an snc tubular datum. In this 
case, we can make explicit computations on a suitable i?-model of U. 

Assume that (AT, {Wa, fa)a) is an snc tubular datum for U and let d be the 
corresponding Cartier divisor on X. By Nagata’s embedding theorem we can 
factorize h as 

U^V^Yk, 

where U is a dense open of V and V is proper over Yk- Dominating X by 
another snc compactification of V (hence of U) and pulling back the approach 
datum to this new compactification, we can assume that the morphism h : U ^ 
Yk extends to a proper AT-morphism h : V ^ Yk on some open subvariety V of 

—rig 

X containing U. Then the morphism h is proper as well, hence quasi-compact. 
We denote by Vq the quasi-compact open rigid subvariety {ti^^)~^{YK) of W*®. 
Let A be a proper i?-model of X and denote by d the schematic closure of d 
in X. By 1.3.5, we can modify this model by means of an admissible blow-up 
in such a way that it satisfies condition 2 . of definition 2.3.16 and that Vq is the 
generic fibre of an open formal subscheme V of the t-adic completion X of X. 
We can even assume by [BL93, 4.1(c)] that the morphism Vk —t Yk induced 
by h extends to a morphism of formal i?-schemes V —t A. By resolution of 
singularities, we can moreover arrange that X is regular and that d + Xk is a 
divisor with strict normal crossings on X. We write 

Xk = Y,^^E, 

and claim that 

Vol^(C/;)= ^ (l-L)'^l-i[A°n(Vfe\5fc)] (2.4.11.1) 

0/JC/ 

in Afy-j, whenever 7 is sufficiently large. 

By an additivity argument one can assume that admits a volume form w, 
so that we can compute the motivic volume as a limit of a generating series 
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of the form (2.4.6.1). We are going to compute each coefficient of the series 
separately. 

Let d > 1 be an integer and assume that it is not ff^-linear. We denote 
by Z the Neron smoothening of X{d) given by the ii((i)-smooth locus of the 
normalization of X{d). The same proof as in 2.3.15 shows that there is a 
cylinder C;^ of Gv[Z) whose fc'-points correspond precisely to the if'-points 
of [/(,. It follows from (the proof of) [NSlla, 2.4.4] that for any weak Neron 
model of U!y {d) 

f |w(d)|=/ \u}{d)\ G Mxf,- 

1 7 


Keeping the notations of 2.3.17, we partition into locally closed subsets 
g and define for every d £ N* the cylinder Vs as 


|a; G Gr(Z) ord_D^(a;) = 8i for i = 1,..., 


where we keep writing Di for the schematic closure of the ith component of the 
divisor d Xk K{d) in Z. We also set 


Vs,B-='Dsn{eor^{w°B,snVk). 


Note that we are a bit sloppy with notation here: by writing Wg ^ H Vfc we 
really mean its inverse image in the special fibre of Z. Then 


C!^n{0o)-\w°s,s) = i\^s,B 
s 


where S runs over the set of elements in N* such that 


dmctj + NiSi + ... + NtSt < dj 
for at least one element (a, j) in B. 

We are going to compute the motivic measure of each Vs, from which we will 
deduce the measure of Vs^b by base change. Arguing similarly as in 2.3.17, we 
cover Z by formal open subschemes on which we have an etale morphism to 
the formal affine space Ai- For any S G W, let K = K{6) be the subset of 
{1,..., t} defined by > 0 if and only ii i G K. The argument given in 2.3.17 
shows that the class of the subvariety Z of Gr„(Z) over which Vs is a cylinder 
is given by 

from which we get 


fixiVs) = [D°i,] gMx,- 
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If we set 

7b :=max (7 - niaj), 

B 

then we have 

M;Y(<n(0o)-'(W^,j) = E [^xnw^,,nVfe] (L-1)1^1 

NiSi<d'yB 

and one gets from [NS07b, 6.13] the following expression for |w((i)| in 

M;,dn 

E E E ■^s,.nVfe](L-1)1^1 ^ 

B K<Z{l,...,t} lel 

'^NiSi<d'yB 

Applying 2.4.12 and resorting to its notation, we can get rid of our assumption 
that d is not fffc-linear thanks to [NS07a, 5.17] and deduce that 

T.U\-w\y‘T.Y. 

d>l “^^7 B d>l 

in A4;ffc|[7’l, where is denotes the inclusion s ^ ^k- Finally, we can 

assume by 2.4.13 that all 7 b are equal for 7 sufficiently large, and we eventually 
get ^ 

Voip([/;)= ^ (i-L)i-^i-i[F;}n(Vfc\5fe)] eA4n. 

Note that even though we worked throughout over Aixk^ the right-hand side 
factors through hence we can consider its image in Aly^,. ■ 

Lemma 2.4.12. For any 7 > 0, the expression £'( 7 , d) defined as 
( ^ [71^] (L-1)1^1^ ^ [^](L-l)l^l-i ^ 

J2NiSi<dj Y^Niei=d 

is invariant in Mx^ [F] under blow-up of a stratum Ej, where pi = ords^ w. 
Proof. This is immediate from [NS07b, 7.6] and the fact that 

ra [Ey] = [D'°nEy] 


in M.Xki where (•)' denotes strict transforms. 
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Lemma 2.4.13. For 7 sufficiently large we have 

d>l dl^JCI 

Proof. This follows from the same argument as in [Gui+06, 3.8]. ■ 

Definition 2.4.14. We call the limit value 


Vol-iU'J G My, 

in theorem 2.4.10 the motivic volume of U over Y, and we denote it by Volv(tf). 
2.4.15. We can also extend Volv(-) to a ring morphism 

KaiYary^) ^ i^o(VaryJ 


in a similar way to 2.3.22. This yields a definition of motivic volume for any Yr-- 
variety, not necessarily smooth over K. Indeed, the expression (2.4.11.1) shows 
that if 17 is a TG-variety embedded in a smooth i7-variety Z proper over Yk 
and such that Z\U is the support of a divisor with strict normal crossings 
then 

Volv(17) = ^ Yo\y{Dk), 

KCL 

where Dk = Plfeeif^et Y be a smooth connected closed subvariety of U. 
Then considering an snc compactification of Z whose boundary intersects V 
transversally and blowing up along V, one can show as in step 3 of 2.3.22 that 


Vo1y(C/) = Vo1y(Y) + Vo1y(17\Y). 


A non-Archimedean interpretation of the motivic nearby cycles 
with supports 

2.4.16. Finally, we consider a morphism of smooth connected fc-varieties 
h: U ^ Y and a dominant morphism 

g: Y AI = Specfc[t]. 

We set Yr = Y ii and Uk = U 77. The following theorem compares 
the motivic volume of Uk over Yr with the motivic nearby cycles of g with 
supports in U. 
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Theorem 2.4.17. We have 


Vo1v„(Uk) = L-(™-i)5g([[/]) (2.4.17.1) 

in A4 y^, where m is the dimension ofU. 

Proof. The equality is proven by explicit computation on a suitable com- 
pactification of the morphism U\Uk —>■ Y. Note that neither side of the 
equality (2.4.17.1) changes if we remove Uk from [/, since this does not 
affect Uk and <S'g([t//c]) = 0. Thus we can assume that Uk is empty. By 
Nagata’s embedding theorem and resolution of singularities, we can find a 
compactification h: Z ^ Y of the morphism h: U ^ Y such that Z is proper 
over Y and smooth over k and Z\U is a strict normal crossings divisor on 
Z. Likewise, we can compactify the morphism g o h: Z —>■ to a proper 

morphism of fc-schemes Z' —>■ K\ with Z' smooth over k and Z'\U a strict 
normal crossings divisor on Z'. Then X = Z' K is an snc compactification 
of Uk- Setting X = Z' R and taking for V the t-adic completion of Z, we 
see by comparing (2.4.11.1) with the formula in [Gui+06, 3.8.1] that 

VoWJC/k) = L-(—i),5g([[/]). 


2.4.18. It is possible to recover the /t-structure on S'g([{7]) (i.e., to recover 
S'g([17]) as an element of ^ similar way, using the Galois 

action on the rigid varieties Xk Xk K{d) to define a /1-action on the coefficients 
of the generating series (2.4.6. 1). This construction is developed in ongoing 
work of A. Hartmann. 




Chapter 3 


Preliminaries on log geometry 


We give here a crash course on log geometry. Our favourite introduction are 
lecture notes by Illusie and Ogus [10], which can be found with some google-fu. 
Two comprehensive references are Ogus’s book draft [Ogu] and Gabber and 
Ramero’s notes [GR12], both available online. 

Log geometry is tightly linked with compactifications and degenerations. It 
revolves around the notion of log structure (see 3.6.1), which gives a way 
to encode information about the boundary of a compactihcation. Its power 
undoubtly comes from the simplicity of the definition, which hts seamlessly in 
the theory of schemes. The best illustration of this is given by log smoothness. 
One can mimick the theory of infinitesimal liftings via an adapted notion of 
thickening, which leads to a logarithmic counterpart of the classical notion 
of smooth and etale morphisms (see [Kat89, §3]). The analogy allows to 
translate classical theorems where the sheaf O of differentials is replaced by 
the sheaf of log differentials (allowing simple poles). In particular, the 
sheaf of log differentials of log smooth schemes is locally free, and this allows 
us to treat our beloved sncd schemes as if they were smooth (see 3.7.7). 

The whole theory rests on monoids, this will be the topic of the first four 
sections. Log schemes are introduced in section 3.6. 

All monoids considered are assumed to be commutative. 
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3.1 Monoids 

Basically, a monoid is the same thing as a commutative group, except that we 
do not require every element to have an inverse. A morphism of monoids is 
a map that respects internal laws and neutral elements. Monoids and their 
morphisms form a category, denoted by Mnd, and this category is complete 
and cocomplete. We illustrate this by describing a few limits and colimits. 

3.1.1. The product of two monoids Pi and P 2 is given by the set-theoretic 
product Pi X P 2 endowed with componentwise multiplication. 

The fibred product of two morphisms vi '■ Pi ^ Q and V 2 '■ P 2 ^ Q constructed 
as the submonoid 


{(x,y) I ui{x) = ^ 2 ( 2 ;)} C Pi X P 2 


and denoted by Pi x q P 2 . 


3.1.2. The amalgamated sum of two morphisms ui'. P ^ Qi and U 2 : P —>■ Q 2 
is defined as the quotient of the product Qi x Q 2 by the congruence relation 
generated by 


S = |((mi(p),1), (1,U2(p))) 


p e p}. 


It is denoted by Qi®pQ 2 - If either P, Qi or Q 2 is a group, then this congruence 
relation can be described as the equivalence relation 


(91,92) 


(9i> 92 ) there are a,b € P such that 


qiui{b) = q[ui{a) 
921x2(0) = q 2 U 2 { b ). 


The amalgamated sum Qi ©p {1} is called the cokernel of ui and denoted by 
Cokerui or QijP. 

If P = {!}, then Qi ©jij Q 2 = Qi x Q2- We will therefore write Qi © Q2 for 
Qi X Q 2 when we consider it as a colimit with inclusion morphisms instead of 
a limit with projection morphisms. 

3.1.3. Let M be a monoid. We denote by the submonoid of invertible 
elements of M, which is a group, and by the quotient M/M^ = M ©mx {!}• 
A monoid M is called sharp if = {1} and, unsurprisingly, M'^ is always 
sharp. 

Definition 3.1.4. A morphism of monoids P —>■ Q is called local if 
= P^ (the inclusion D always holds). This is equivalent to 
(j){P\P^) C Q\Q^ (see also 3.2.3). We denote by Homioc(P, Q) the set of local 
morphisms between the monoids P and Q. It canonically carries a structure of 
monoid. 
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For a monoid M, we denote by M'^ its dual monoid, defined by the monoid 
of morphims Hom(M, N). We will also denote by its submonoid 

Homioc(M, N). 

We introduce now some fundamental properties of monoids. 

Definition 3.1.5. A monoid M is called finitely generated if there are finitely 
many elements xi, ... ,Xn S M such that every x G M can be written as a 
product X = 111=1 ^7' with ni > 0. 

3.1.6. Let M be a monoid and S C M a submonoid of M. We define the 
localization S~^M as the quotient of M x S' by the equivalence relation 

{x, s) ~ {y, t) axt = ays for some a G S. 

We have a canonical morphism M -G S~^M,x i-)- (a;, 1). When S = M, we 
obtain the groupification of M, denoted by It is an abelian group. 

Remark 3.1.7. The groupification yields a functor (-)®p : Mnd —?> Ab to the 
category of abelian groups, which is a left adjoint for the forgetful functor 
Ab —)> Mnd. This means that for every abelian group G, we have canonical 
bijections 

HomAb(AfSP,G) = HomMnd(Af, G). 

In particular, it follows from abstract nonsense that 

(Qi ©P = Qf ©p*p Qf, 

for any pair of morphisms of monoids ui'. P —>■ Qi and U 2 '. P ^ Q^- 

Just as localization morphisms of rings need not be injective, M doesn’t always 
embed into M^p. For example, the groupification of the monoid N endowed 
with the law x • y := max(x, y) is trivial. Pointed monoids also give examples 
of such monoids (see 3.2.7). This motivates the following definition. 

Definition 3.1.8. A monoid M is integral if the canonical morphism M —>■ 
MSP is injective. It is called fine if it is moreover hnitely generated. 

Finally, the property of saturation below is reminiscent of the notion of normal 
ring. 

Definition 3.1.9. An integral monoid M is called saturated if for every x G 
MSP, x°' G M for a > 1 implies that x G M. 

Remark 3.1.10. Note that if M is sharp and saturated, then Msp is a torsion- 
free abelian group. 
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Definition 3.1.11. If M is any monoid, its integral closure M'"* is the image 
of M in Moreover, if M is an integral monoid, we denote by the 

saturation of M, which is the submonoid of M®p consisting of all elements x 
such that x°‘ & M for some a > 1. 

3.1.12. Even when Qi, Q 2 and P are integral monoids, the amalgamated sum 
Qi ©p Q 2 need not be integral. This motivates the following definition. A 
morphism of integral monoids T* —t Qi is called integral if Qi ©p <52 is integral 
for every integral monoid Q 2 - We will see in 4.2.4 that any morphism N —>■ P 
is integral. 

The same kind of problem arises for saturated monoids. Replacing every 
occurence of “integral” by “saturated” yields the corresponding notion of 
saturated morphism. 

The monoids we will be mostly interested in are fine and saturated monoids, 
abbreviated by fs monoids. 


3.2 Ideals and pointed monoids 


Definition 3.2.1. An ideal of a monoid M is a subset I oi M such that ax € I 
for every x & I and a & M. An ideal I is prime ii I ^ M and xy € I implies 
that either x or y belong to /, or equivalently, I is prime if M\I is a submonoid 
of M. 

Definition 3.2.2. Submonoids of M arising as complements of prime ideals 
are called faces. More explicitly, a submonoid F of M is a face ii xy G F with 
x,y G M implies that both x and y belong to F. The terminology comes from 
the analogy with convex polyhedral cones, see 3.4.3. 

3.2.3. We easily see that unions of (resp. prime) ideals are (resp. prime) ideals. 
In particular every monoid M admits a unique maximal ideal := M\M^ 
and a unique minimal ideal 0. 

Definition 3.2.4. Let p be a prime ideal of a monoid M. The height of p is 
the maximum length n of a chain of prime ideals 

P =Pn © ••• © Po = 0- 

It is denoted by htp. We also define the dimension of M as the height of its 
maximal ideal M+. 

3.2.5. Since the complement of a prime ideal p is a submonoid of M, we can 
consider the localization 


Mp :=(M\p)-iM 
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(see 3.1.6). When M is fine, we have 

htp = dimMp = rank(M“)sP. 

(see [Ogu, 1.1.4.7] for the last equality). Note that M®p = Mg and that 
Mp :=(Mp)l* equals the quotient of monoids M/(M\p). 

This construction provides the basis for the definition of the spectrum of a 
monoid, see section 3.5. 


Pointed monoids 

In order to construct quotients of monoids by ideals (see 3.2.9), we will need 
to formally add a zero element. This leads to the notion of pointed monoid. 

Definition 3.2.6. Let M be a monoid. An M-module is a set S endowed with 
a map M x S ^ S, {x, s) x • s such that x ■ {y • s) = (xy) • s and 1 • s = s for 
every x,y € M and s G S. 

Definition 3.2.7. A pointed monoid is a monoid M endowed with a morphism 
of M-modules Om ■ 0 —>■ M, where 0 denotes the trivial M-module. We 
will denote by Mnd* the category of pointed monoids. The forgetful functor 
Mnd* —?■ Mnd admits a left adjoint 

MndMnd*, M M* 

where M* is the module M0O endowed with the inclusion map Om : 0 —)• M©0. 
Observe that M* can be seen as a monoid in a canonical way. We define 
similarly the notion of pointed module of a pointed monoid and for any M*- 
module S', we define S* as the pointed module S © 0. 

Example 3.2.8. Let A be a ring and I an ideal. The multiplicative monoid 
(A, •) is naturally a pointed monoid with 0 as pointed element, and / is a pointed 
A-module. 

3.2.9. Let M be a monoid and / C M an ideal. We define the quotient M/I 
as the cokernel (as pointed M-modules) of the induced morphism /* ^ M*. 
It has the structure of a pointed monoid and we have a canonical morphism of 
monoids M M/I. 

3.2.10. Let A be a ring. The forgetful functor A-Alg —Mnd* admits a left 
adjoint 

Mnd* ^ A-Alg, (M, Om) ^ A(M) ;= A[M]/(eo), 
where eg denotes the image of Om in A[M]. Observe that A(M*) = A[M]. 
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Proposition 3.2.11. Let p be a prime ideal of a monoid M and A a ring. 
Then the canonical morphism of A[M]-algebras 

A[M\p] A{M/p) 

is an isomorphism. 

Proof. We see A[M\p] as an A[M]-algebra by 
A[M]^A[M\p], 

10 m e p 

which is well-defined since M\p is a submonoid of M. But this is exactly the 
definition of A{M/p). ■ 


3.3 Valuations and divisors 


Definition 3.3.1. Let M be an fs monoid and p a prime ideal of height 1. 
Then Mp is a sharp fs monoid of dimension 1, hence canonically isomorphic 
to N (see [GR12, 3.4.16]). The induced map Wp : M ^ N is called the valuation 
at p. It extends to a map Z which we keep writing L;p. 

Definition 3.3.2. Let M be an integral monoid. A fractional ideal of M is a 
nonempty M-submodule I of such that xl C M for some x G M. 

Definition 3.3.3. Let / be a fractional ideal of an integral monoid M. We set 

:={a; G M^p \ xI C M} and I* = 

The fractional ideal I is said to be reflexive if I* = I. Note that I* (and 
even I~^) is always a reflexive fractional ideal of M. We denote by Div(M) the 
set of reflexive fractional ideals of M and we call its elements divisors of M. 

3.3.4. We endow Div(M) with a structure of commutative monoid by setting 

IQJ:={IJ)*. 

For every morphism (f: P —)• Q of integral monoids, IQ :=(fA^{I)Q is a 
fractional ideal of Q and (j) induces a morphism of monoids 


Div(0): Div(P) Div(Q), I ^ (IQ)*. 
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Proposition 3.3.5 ([GR12, 3.4.25 and 3.4.32]). Let M he an fs monoid and 
denote by D the set of its height-one prime ideals. Then Div(M) is a group 
and we have an isomorphism 

Z®^^Div(M), (np)D 

D 

where the intersection takes place in via the canonical inclusions Mp -y 
M®P. Furthermore, under this isomorphism, the fractional ideal generated by 
an element a G M^p coincides with the tuple {vp{a))D (notation of 3.3.1). 

3.3.6. Let / be a fractional ideal of an fs monoid M. If / = xn^ we will 
denote by Vp{I) the integer Up. 


3.4 Cones 

The study of sharp fs monoids is essentially equivalent to the study of strictly 
convex rational polyhedral cones. This point of view will prove especially useful 
for computations (see for instance 4.4.12 and section 4.5). 

Definition 3.4.1. Let L be a free abelian group of finite rank and a C 
Lr := L (8 )z K a convex cone. We say that cr is 

• polyhedral if it admits a finite number of generators, 

• rational if it is generated by elements of L, 

• strictly convex if it does not contain any nonzero linear subspace. 

3.4.2. Let (T be a rational polyhedral cone in Lr. The dual cone is defined by 

a'^ ;=|m g Lg I u(x) > 0 for all x G a), 

where Lr denotes the dual vector space of Lr. It is a rational polyhedal cone 
as well (see [Oda88, 1.3]). 

A face of cr is a subcone of the form 

r = {a; G cr I u{x) = 0 for some u G Lr}. 

Faces of rational polyhedral cones are rational polyhedral cones (loc. cit.). 

The dimension of the cone cr, denoted by dim cr, is the dimension of the R-vector 
space it generates. We have dimcr'^ = rankL — dimcr^, where denotes the 
largest linear subspace contained in cr (see [GR12, 3.3.12(ii)]). 
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Let’s see how this relates to monoids. 

3.4.3. Let M be a fine monoid and denote by 

a{M) ® Xi) I £ ®>o and x* S M} 

the cone generated by M in (Msp)k. This is a rational polyhedral cone. 

By [Ogu, 1.2.3.6], the canonical morphism of monoids M —>■ a{M) induces a 
bijection between the faces of M and the faces of the cone a{M). In particular, 
a{M) is strictly convex if and only if M is sharp. We also have (see formulas 
in 3.4.2 and 3.2.5) 

dim cr(M)'' = dim MSP - dimM^ = dimM. 

Finally, we have a{M) n Msp = M"*^* (cfr. [Ogu, 1.2.3.5(4)]). 

3.4.4. Let F be a facet of M (i.e. a face of codimension one). Then p = M\F 
is a height-one prime ideal and we have a valuation 

Xp : M ^ M“ ^ N. 

But since Mp = M/F, we see that the kernel of Vp is precisely F. Hence Vp can 
be identified with the inward normal direction of the facet cr(F) of the cone 
a{M). 

In particular, if pi,..., p„ are the height-one prime ideals of M, then the dual 
cone a[MY is generated over ]R>o by the valuations Vp. (see [GRI2, 3.3.11]). 
Moreover, 

^(j^^v.ioc) _ I Ai > 0 for every 1 <i < n}. 

We say that is strictly positively spanned by the Vp.. 


3.5 Monoidal spaces and fans 

3.5.1. A monoidal space is a topological space T endowed with a sheaf AIt of 
monoids. A morphism of monoidal spaces f: T' ^ T consists of a continuous 
map / and a map of sheaves h: /“^A4t — Mt' such that for every t € T' the 
map of monoids ht : M.Tj{t) M.T',t is local. We will denote by MndSp the 
corresponding category. 

A monoidal space (T, A4 t) is called sharp if Mt is sharp, i.e. Mt{U) is a 
sharp monoid for every open U of T. We can associate to every monoidal 
space {T,Mt) a sharp monoidal space Y :={T,M'^j,) where is the sheaf 
associated to the presheaf 


U^MTiU)K 
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A fundamental example of monoidal space is given by the spectrum of a monoid. 
We describe this construction below. 

3.5.2. For f G P we set P/ '■=S~^P, where S = {/" | n > 0}. The sets 
Dif) :={p e SpecP | / ^ p} 

generate a topology on the set SpecP of prime ideals of P. If we define 
Mp{D{f)) := Pf, then (SpecP, Mp) is a monoidal space, called the spectrum 
of P and simply denoted by SpecP. It represents the functor 

MndSp —>■ Set, T i—>■ HomMnd(P) AIt(T)) , 

which means that 


IIomMndSp(7’, SpecP) = HomMnd(P, Adr(T)). 

We easily see that the stalk Mp^p of the sheaf Mp at p is nothing else than the 
localization Pp. 

The monoidal space (SpecP)® is called the sharp spectrum of P. 

To conclude this section, we introduce the notion of fan, which is to spectra of 
monoids what schemes are to spectra of rings. Fans are a fundamental tool in 
the study of log regular schemes (cfr. 3.7.19). We will use them extensively in 
chapter 4. 

Definition 3.5.3. A fan is a sharp monoidal space (P, Mp) that can be covered 
by open subsets isomorphic to sharp spectra of monoids. We denote by Fan 
the full subcategory of sharp monoidal spaces whose objects are fans. 

A fan is called 

• locally finite (resp. finite) if it can be covered by (resp. finitely many) 
spectra of finitely generated monoids. 

• saturated if it can be covered by spectra of saturated monoids. 

• locally fs (resp. fs) if it can be covered by (resp. finitely many) spectra of 
fs monoids. 

This notion of fan is essentially equivalent to the classical notion of a fan of 
polyhedral cones as defined in [Oda88]. If A is a classical fan in an abelian 
group L, then a cone r of A corresponds to a point t of an fs fan P and 
Mpj should be seen as t fl P. Furthermore, an inclusion of faces cr C r 
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corresponds to a specialization morphism Mp^t Mp^g where t and s are 
the points respectively associated to t and a. We invite the interested reader 
to consult [Kat94, 9.5] for more details on this correspondence. 

Just as in the classical case, we have a notion of subdivision of a fan, which 
takes a particularly elegant form. 

3.5.4. Let F be a fan and P a monoid. The set of P-points of F is 
F(P) :=HomFan((SpecP)*,F). 

Let ip G F{P) and let U be an open subset of F which contains ip{P'^). Since 
is a maximal ideal, the inverse image is the whole of (SpecP)**. 

In particular, the induced morphism of sheaves factors through the stalk 
^F,ip(M+) P** and this morphism is local (by definition 3.5.1). Hence we 

have shown that 

F{P) = U HomMnd ,loc (MF.i,P»). 

teF 

Definition 3.5.5. Let P be a fan. A subdivision of P is a morphism of fans 
ip: F' ^ F such that 

1 . —>• is surjective for every t G P', 

2. the canonical map P'(N) —>■ P(N) is bijective. 

3.5.6. Subdivisions of fans allow to desingularize them (in the sense given by 
proposition 3.5.7 below). This result lies at the heart of desingularization of 
log smooth schemes over a discrete valuation ring to sncd schemes (see 3.7.25 
and 4.4.4). For a fan P, we will denote by Preg the set {t G F \ Mp^t — 
where rft) denotes the dimension of Mp^f 

Proposition 3.5.7 ([GR12, 3.6.31]). Let F be a locally fs fan. There is 
a subdivision p: F' —>■ P such that P/gg = P' and that restricts to an 
isomorphism p~^{F^eg) Freg- 

3.6 Log structures and charts 

3.6.1. Let X be a scheme. A pre-log structure on X consists of a sheaf of 
monoids A4x on X together with a morphism of sheaves of monoids a : A4x —t 
{Ox, •) to the multiplicative monoid of Ox- A pre-log structure is called a log 
structure if moreover a~^(0^) —>■ O^ is an isomorphism. This is equivalent to 
saying that Ox '■ Mx,x —t Ox,x is local and induces an isomorphism At^ ^ 

O^ a; for every point x G X. 
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Every pre-log structure a: Mx —t Ox induces a log structure Mx, called the 
associated log structure. It is given on the stalks by 

■^X,x = ■M.X,x J ^X,x Ox,x- (3.6.1.1) 

Probably the best way to motivate this definition is to see how it fits naturally 
in the definition of log differentials (see 3.7.1). 

Remark 3.6.2. Some authors endow log schemes with the etale topology. We 
will stick throughout with the Zariski topology, which is better suited to deal 
with fans of log regular schemes (see 3.7.19). 

Example 3.6.3. Every scheme admits a trivial log structure defined by A4x = 
Ox- It is the structure associated to the trivial sheaf of monoids. We denote 
by X° the log scheme obtained by endowing X with its trivial log structure. 
We have a canonical morphism of log schemes X X°. 

Example 3.6.4. Let D be a divisor on a scheme X and denote by U its 
complement. The sheaf of monoids 

Mx(V):={feOx(V) I is invertible} 

is a log structure, called the divisorial log structure associated to D. 

Definition 3.6.5. A morphism of log schemes (/,(/)): A —>■ E is a morphism / 
between the underlying schemes together with a morphism of sheaves 
(p. f~^M.Y Mx such that (Xx o cp = f^ o /“^(av): 


f-^My 

f~^OiY 

f-^Oy 


(p 

- >Mx 


/“ 


ax 

Ox 


In particular it is also a morphism of monoidal spaces. 

3.6.6. If (/,(/)): A —)> E is a morphism of log schemes, then the morphism 
ax o (p: f~^MY — Mx —t Ox 

gives a pre-log structure on A and (p extends to a morphism p°‘ : (/“^A4y)“ —?> 
Mx- We say that / is strict if p°‘ is an isomorphism. 
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3.6.7. Let X be a log scheme. A chart for A is a strict morphism c: A —>■ 
Spec Z[P] for some monoid P, where we endow Spec Z[P] with the standard log 
structure induced by the canonical morphism P —> Z[P]. It is called coherent 
(resp. fine, resp. fs) if P is finitely generated (resp. fine, resp. fs). Similarly, 
a log scheme A is called coherent (resp. fine, resp. fs) if it locally admits a 
coherent (resp. fine, resp. fs) chart. To give a chart is equivalent to giving a 
morphism /3: P —>■ AIjc(A) of monoids inducing an isomorphism P^ Mx^ 
where Px denotes the constant sheaf on A. 

We will say that a chart P ^ Mx{X) is local at a point x € X ii the induced 
morphism P —5- Mx,x is local. 

3.6.8. Likewise a chart for a morphism f-X Y of log schemes consists 
of a morphism u: P Q oi monoids and charts eg: A —)• SpecZ[(5] and 
cp'.Y^ SpecZ[P] fitting into a commutative diagram: 


A 


Y 


CQ 


Cp 


SpecZ[Q] 

SpecZ[u] 

SpecZ[P] 


( 3 . 6 . 8 . 1 ) 


Such a chart is said to be fs if both P and Q are fs. 

3.6.9. If /3: P —7> A4x{X) is a chart, then we have at each point a: G A a 
diagram of amalgamated sums (see ( 3 . 6 . 1 . 1 )) 




'-^x,x 


{ 1 } 


p 



from which we deduce 

PiPxHOl,) = PyOl^ - ( 3 . 6 . 9 . 1 ) 

This also shows that ii fix - P ^ ■Mx,x is local, then P'^ = M^x x- Thus we 
can see charts as an easy way to describe the most informative part of the log 
structure. 
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Proposition 3.6.10. Let X he an fs log scheme and x € X a point. Let 
P — X- Then there is a neighbourhood U of x and a chart /3: P — A4x{U) 
such that the induced morphism P — Mx,x ^x x identity. 

Proof. Since X is fs, Xt^xx i® f® sharp. Consequently {M^x x)^^ — 
,j, is torsion-free and we can find a section s: Xi^x x!x Xi^x x- 
If a; G M.x,x then s([a;]) — x £ Xix hence s([a;]) G M.x,x- So we see that s 
restricts to a section ,,, —>■ X(x,x- Furthermore, P“ = P 0 J\4x ^ — Xix.x- 
Finally, proposition [GRi2, 7.1.18(iv.c)] allows us to extend this chart to a 
neighbourhood Lf oi x. ■ 

We present two examples of charts that will be extensively used in chapter 4. 

Example 3.6.11. Let P be a discrete valuation ring and tt a uniformizer. We 
denote by the scheme S = Spec R endowed with the divisorial log structure 
induced by its closed point. Clearly, Alst(<S''i) = P\{0} and the morphism 
N P\{0}, 1 i-G TT is a chart for . We have indeed = N 0 = P\{0}. 

Example 3.6.12. We resume the notation of 3.6.11. Let A —>■ S' be an sncd 
S-scheme, i.e. a regular scheme of finite type over S whose special fibre Xk = 
Ni Ei is a divisor with strict normal crossings. We endow X with the 
divisorial log structure induced by X^. For J C I we write 

Ej = f]E, and E° = Ej\[J E,, 

J i^J 

where E^j^ — X. Around each point x G Ej we can find an affine open P in A on 
which T = M j x^^ for u a unit and where V(xj ) = Ej. Then the morphism 
of monoids 

—>■ Xix{U), Cj !->■ Xj 

is a chart on U. 

3.6.13. We can easily see that the morphism X —>■ S extends to a morphism 
of log schemes X —>■ S^. We keep the notations of 3.6.12. If u 7 ^ 1, we cannot 
find a morphism N —>■ making (3.6.8.1) commutative. But we can check 

that the morphism ©Z —>■ Xix{U) which maps the generator 1 of Z onto u 
is still a chart for the log structure on U. Hence defining 

N^N^©Z, l^((Ar,)j,l) 

yields a chart for the morphism P —>■ pi of log schemes. 

The lemma below shows that we have to slightly modify the morphism 
Mx{U) in order to get a chart of the form N —>■ for P —>• Pb 
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Lemma 3.6.14. Let ip: P ^ Q be an fs chart for a morphism X —>■ Y of log 
schemes. Assume moreover that P is sharp, (p is local and injective and the 
order of the torsion subgroup of /P^^ is invertible on X. Then there is 

an etale cover X ^ X on which the morphism P —s- Q® extends to a chart for 
X ->■¥. 

Proof. Since (p is injective and both P and Q are integral, P®p is 

injective as well. Furthermore, P®p —>■ is also injective because (p is 

local and P is sharp. 

Let {ei)i<i<r be a basis for ((5 **)sp adapted for PSP, i.e. we have integers di > 1 
such that (e^‘)i<i<fc is a basis for P®p, for some k < r. We denote by Xi the 
element of PSP corresponding to We lift (e^) to elements (e^) of Qsp, hence 
defining a section s: ((3*)®p —>■ (5®p. Then we can find units Ui G such that 
p{xi) = Uic'^' for each 1 < i < fc. 

Let p. Q —>■ MxiX) be the chart morphism. We define X as the etale cover 
obtained by adding a di-th root of j3{ui) for each di, 1 < i < k (they are 
invertible on X by assumption). Finally, the chart 


r k 

Mx{X), ir = n ^ f3{s{x)) 

is well-defined, because s{x) belongs to Q for a; G and we easily see that the 
diagram 


P-> My{Y) 

Q» - , Mx{X) 


commutes. 


Fibred products of log schemes 

3.6.15. Let fi'. Xi —>■ Y and fp X^ —>■ L be morphisms of log schemes. 
Their fibred product exists in the category of log schemes and is obtained by 
endowing the usual fibred product Xi Xy X 2 with the log structure associated 
to pf^Mxi where pi,P2 and py are the obvious projections. 
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Consequently, if wi: P —)> Qi and U 2 ' P ^ Q 2 are charts for the morphisms fi 
and /2 respectively, then the induced morphism XiXyX 2 SpecZ[( 5 i©p< 32 ] 
is a chart as well. 

We also immediately see that if /: X —> F is a morphism of log schemes, then 
the diagram 


X-^-> Y 


X° -> 


is a fibred product of log schemes if and only if / is strict. 

3.6.16. Interestingly, the category of fine (resp. fs) log schemes also admits 
fibred products. If /i and /2 are morphisms of hne log schemes and ui, U 2 are 
fine charts as in 3.6.15, then 

Xi X™* X 2 ' = {Xi Xy X 2 ) Xz[Qi©pQ2] Z[(5i ©p* Q 2 ] 

is the fibred product of Xx and X 2 in the category of fine log schemes, where 
0 int indicates that we take the integral closure of the amalgamated sum. It 
follows immediately that 


Xi x*^‘ X2 ^ SpecZ[gi ©^* Q2] 

is a chart. When ui and U 2 are fs charts for morphisms /i and /2 of fs log 
schemes, we have a similar expression for Xi Xy X 2 , where ©™‘ is replaced 
by the saturation of the amalgamated sum. Beware that those fibred 

products don’t only have different log structures, they also have different 
underlying schemes. 


3.7 Log smoothness and log regularity 


Log differentials differ from classical differentials in that they may have at 
worst simple poles. They are tightly related to the notion of log smoothness. 
We formalize the notion as follows. 

Definition 3.7.1. Let f-X S' be a morphism of log schemes and let 
^x/s be the classical sheaf of differentials of X°/S°. The module of log 
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differentials of X/S is an Ox-module constructed as the quotient of 

^x/s © {^x -^x ) by *be submodule generated by 


• (dQ;x(a), 0) — (0, Ox (a) ® a), for a e Afx, 

• (0 ,1 ©</>(&)), for 6 e/“^(Afs)- 

3.7.2. We have a canonical morphism of monoids 

dlog: —>■ f^x/ 5 , a !->■ [( 0,1 (gi a)] 


that satisfies 
for every a £ Mx- 


ax {a) ■ dlog(a) = dax(a) 


If X and S are coherent log schemes (resp. and / is locally of finite type), 
then is quasi-coherent (resp. finitely generated) by [Ogu, IV.1.2.9]. 

Furthermore, we easily see that if the log structure on X is trivial, then 
= ^^/S- 

3.7.3. If P ^ Q is a chart for the morphim X —>■ S, then can be 

constructed as the quotient of 


^X/S © {Ox ®z Q®^) 

by the same relations as in 3.7.1 for a € Q and b £ P (see [Kat89, 1.7]). 

Proposition 3.7.4 ([Ogu, IV.1.3.1]). Consider the following cartesian diagram 
in the category of log schemes 



Then the canonical morphism —>■ is an isomorphism. In 

particular, if X ^ S is a strict morphism of log schemes, then = Ox/s 

(see 3.6.15). 

This result is even true in the category of fine (resp. fs) log schemes {loc. cit.). 
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Proposition 3.7.5 ([Ogu, IV.1.2.5]). Letu- P ^ Q be a morphism of monoids 
and /: SpecZ[(5] —>■ SpecZ[P] the induced morphism of log schemes. Then 
the canonical morphism 

Oz[Q] (8iz ^z[Q]/z[p]’ 1 ® [a] dloga 

is an isomorphism. 

Log smoothness (and log etaleness) can be defined by means of log thickenings, 
much in the way that smoothness is (see for example [Kat89, §3]). We will use 
here a more convenient definition due to Kato (cfr. [Kat89, 3.5]). 

Definition 3.7.6. A morphism f: X ^ Y of log schemes is log smooth (resp. 
log Stale) if there is a chart P —>■ Q for / etale-locally on X and Y such that 

1 . the kernel and the torsion part of the cokernel (resp. the kernel and the 

cokernel) of —>■ are finite groups whose order is invertible on X, 

2. the induced morphism of schemes h: X ^Y Xz[p] Z[Q] is smooth (resp. 
etale) in the classical sense. 


Note that the morphism h is strict and that we can equivalently require h etale 
in the definition of log smoothness (see [Kat89, 3.6]). 

A log smooth morphism is locally of finite presentation (see [Kat89, 3.3]). 

Example 3.7.7. An sncd ^-scheme X endowed with the log structure defined 
in 3.6.12 is log smooth over if the multiplicities (W)i of the components of 
the special fibre are all prime to the characteristic exponent of the residue field k 
of R. We resume the notation of 3.6.12. Under this assumption, lemma 3.6.14 
ensures that we can find a chart 


for X ^ etale-locally on X that satisfies the first condition of definition 3.7.6. 
It remains to show that the induced morphism 


h: X ^ Spec(i?®z[N] =:Y 

is smooth. The images Xi of the basis vectors of are part of a regular 
system of parameters at each point x G X. Renumbering {xi)j as (xi,..., Xr) 
and completing them to a regular system of parameters {xi)i<i<m we get a 
basis {dxi)i<i<n for Ttx/s^ hence providing an etale morphism X —>■ Ap which 
factors through an etale morphism 


X Spec 


R[xi,. ..,Xn] 

, ATi ]<Sr\ 

[tT — Xi Xr ) 


\ n—r 

ky . 


But h is the composition of A —>■ Ky ^ Y, thus it is smooth. 
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Proposition 3.7.8 ([Ogu, IV.3.1.2]). Log smooth and log etale morphisms 
are stable under composition and base change, and a strict morphism of log 
schemes is log smooth (resp. log etale) if and only if it is smooth (resp. etale). 

Definition 3.7.9. A morphism of integral log schemes f: X Y is called 
integral if for every x G X the morphism of monoids M.yj{x) M.x,x is 
integral. 

Proposition 3.7.10 ([10, II.3.8 and II.3.15]). Let f \ X be a log smooth 
morphism and denote by dim^; / the relative dimension of f at a point x. The 
sheaf locally free of finite rank. 

If furthermore X and Y are fine, then we have at every point x G X 

rankVl)‘^iy^^ < dim^,/, 


with equality if f is integral. 


Proposition 3.7.11 ([Ogu, IV.3. 2. 4]). Let f: X ^ Y and g: Y -G S be 
morphisms of log schemes. If / is log etale, then the canonical morphism 




Y/S 


“x/s 


is an isomorphism. 


Corollary 3.7.12. Let A —>■ V be a log smooth morphism of log schemes and 
P —>■ Q a chart as in 3.7.6. Then 

/i*(gsp/pgp). 


Proof. This is immediate from 3.7.5, 3.7.4 and 3.7.11. ■ 

Proposition 3.7.13 ([Ogu, IV.2.3.1 and 3.2.3]). Let f:X^Y and g: Y ^ S 
be morphisms of log schemes. The following sequence is exact: 

/*^Y/S ^ ^ ^Iv/Y ^ 0. 

Furthermore, if f is log smooth, then it is injective and locally split. Conversely, 
if g o f is log smooth and the sequence is injective and locally split, then f is 
log smooth. 


Log regularity 

We now collect some results on log regular schemes; the most important 
construction is the fan associated to a log regular scheme in 3.7.19. The main 
reference for this part is [Kat94]. 
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Definition 3.7.14. A locally Noetherian and locally fs log scheme X is said 
to be log regular if for every x € X 

1 . the ring Ox,xlM\ jDx,x is regular; 

2 . (lYmOx,x = dmiOx,xlMx^x^x,x +<lm\Mx,x- 

If the log structure of X is trivial at x, then log regularity at x boils down to 
regularity. 

Example 3.7.15. Let 5”^ be the spectrum of a discrete valuation ring R 
endowed with the log structure described in 3.6.11, and s its closed point. 
Then , s = ttR and dimAlst,s = dimN = 1, from which we easily 
conclude that S'i is a log regular scheme. 

Proposition 3.7.16 ([Kat94, 6.2]). Let x be a point on a locally Noetherian 
log scheme X and P -P Mx{X) an fs chart local at x, with P sharp. Assume 
moreover that Ox,x contains a held k. Then X is log regular at x if and only 
if Ox.xjAi^ x^x,x is a regular local ring and the induced map k[P] Ox,x 
is hat. 

Proposition 3.7.17 ([Kat94, 8.2]). Let X ^ Y be a log smooth morphism 
between locally fs log schemes. IfY is log regular, so is X. 

Proposition 3.7.18 ([Kat94, 7.3]). Let x be a point on a log regular scheme X, 
and p a prime ideal of Aix,x- Then pOx,x is a prime ideal of the same height 

as p. 

3.7.19. Let A be a log regular scheme. We set 

F = F{X) :={x G A | Af+= m,}. 

If i denotes the inclusion of F in A, the sharp monoidal space (F, {i~^Mx)'^) 
has the structure of a locally fs fan and is called the fan associated to X. It is 
finite if A is quasi-compact. More precisely we have 

Proposition 3.7.20 ([Kat94, 10.1]). Let X be a log regular scheme and P -p 
M.x{X) an fs chart. Let x € X and denote by p the inverse image of Mx x 
in P. Then there is an affine open neighbourhood V of x such that 

F{X)r\V^ (SpecPp)#. 

Example 3.7.21. The fan associated to the spectrum of a discrete valuation 
ring S'^ is isomorphic to (SpecN)^ as we can see from the chart given in 3.6.11. 

Fans of log regular schemes will prove immensely useful in chapter 4. 
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3.7.22. We have a morphism of sharp monoidal spaces 

x^M+^^Ox,co¬ 
lt satisfies tt o i = idi?. 

The construction of F{X) is functorial: if / : X —>■ F is a morphism between 
log regular schemes, then we get a morphism of fans F{X) —)■ F{Y) such that 
the following diagram commutes 


X 


/ 


Y 


TTx 

F{X) 


TTy 


Fif) 


.F{Y) 


(3.7.22.1) 


where the bottom arrow is given by 

X !->■ TTy o f o ix{x). 

This latter morphism is induced by any chart P ^ Q for /. 

3.7.23. For every t € F, we set U{t) = which is a locally closed 

subscheme of X. The family {U(t))teF form the log stratification of X, and 
we will denote by E{t) the schematic closure of U{t) endowed with its reduced 
structure. It is equal to the closure of i{t) in X. We can compute the log 
stratihcation of X via charts: 

Proposition 3.7.24. Let X be a log regular scheme of fan F and fi: P ^ 
A4x{X) an fs chart. For each prime ideal p of P we set 

r(p) = {teF|riAt+,(,)=p}. 

Then Ut(p)^ ^z[p] In particular Uy(p+)C/(t) = X Xz[p] 

Z{P/P+). 


Proof. Since for every x € X the morphism Mx,x Ox,x is local we have 
plUx.x F Xtlx pJ^X.x ^ 

In this case it follows from (3.6.9.1) that pA4x,x is a prime ideal of A4x,x whose 
inverse image in P is p. Let t € F he the point corresponding to the prime 
ideal pOx,x (see 3.7.18). Then t G T(p) and x G F(t). ■ 


Recall that we have a notion of subdivision of a fan, see 3.5.5. 
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Proposition 3.7.25. Let X be a log regular scheme and F its fan. Letip: F' —)> 
F be a subdivision of F with F' locally fs. Then there exists a unique log etale 
morphism ip*X X up to isomorphism such that F' ^ F is isomorphic to 
F(ip*X) F. In particular, (p*X is log regular. 

Proof. See [GR12, 7.6.14 and 7.6.18] for a complete proof. The log scheme 
^*{X) is constructed locally as follows. 

Let X G X and P —>■ XixiV) be an fs chart in an affine neighbourhood V of 
such that F nV = (SpecP)**. Let t G F' with Lp(t) = Tr{x) and denote by 
the fibred product of monoids 


Mp'.t Xmsp 

F' ,t 

Then ^p*X is obtained by gluing all the V Z[Qj. 

Note that (SpecMpyt)# ^ (SpecQ)l‘ by [GR12, 7.6.12] and Q^p = P^p. ■ 


H 




Chapter 4 


Computing zeta functions on 
log smooth models 

4.1 Introduction 


Let / be a polynomial in k[xi,... ,Xn\, where fc is a field of characteristic 
zero. The motivic zeta function Zf{T) of / was first introduced by Denef and 
Loeser in [DL98] in analogy with the p-adic setting, where Igusa local zeta 
functions of polynomials had been long studied for their use in understanding 
the asymptotic behaviour of the number of congruence solutions of / = 0 
modulo powers of p. They naturally stated a motivic version of the monodromy 
conjecture holding sway in the p-adic world. This conjecture relates the poles of 
Zf to eigenvalues of the monodromy action on the complex of nearby cycles on 
/“^(O) (see ibid. §2.4). Denef and Loeser proved an explicit formula for Zf 
involving a resolution of singularities for / and yielding naturally a set of 
candidate poles for Zf (see theorem 0.1). Yet, a major issue in proving the 
monodromy conjecture is to determine which of the apparent poles ot Zf are 
actual poles; most of the proofs in special cases rely on a detailed study of the 
geometry of the exceptional locus of resolutions of singularities for /. 

In [NS07b] Nicaise and Sebag introduced the volume Poincare series w; T) 
of a pair {X,uj) consisting of a generically smooth stft (for separated and 
topologically of finite type) formal scheme X over the formal spectrum of 
a complete discrete valuation ring R and a volume form on its generic 
fibre Xk- They then showed how to express Zf as such a series, yielding a new 
interpretation of the function. This new way of considering Zf allowed Halle 
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and Nicaise in [HN12] to associate a motivic zeta function Zx to a Calabi-Yau 
variety X over the fraction field of i? and state an analogue of the monodromy 
conjecture, which they could prove when Y is a tamely ramified abelian variety 
(see definition 0.4). 

In this chapter we will mostly stick to the algebraic setting and show how to 
compute when is a generically smooth log smooth S'-scheme. By 

adding a suitable structure to schemes, logarithmic geometry allows to handle 
so-called log smooth schemes as if they were smooth. In particular the sheaf of 
log differentials is locally free and we see how a volume form nicely induces a 
divisor on X by considering this sheaf. Another feature of log smooth schemes 
is that their fans, as defined by Kato in [Kat94], can be used to exhibit a 
desingularization of the scheme. In this process of desingularizing, fake poles 
are intoduced in the expression of S{X,uj;T), so that our formula, depending 
directly on the fan, reduces substantially the set of candidate poles. This paves 
the way to the study of motivic zeta functions for degenerations of Calabi-Yau 
varieties that appear in the Gross-Siebert programme on mirror symmetry, and 
for which log smooth models are naturally constructed (see for example [GSll]). 

The main results of this chapter were announced in [Bull5]. In section 4.2, 
we study properties of N-monoids more in depth. Section 4.3 applies those 
results to the structure of the log stratification of a log regular scheme under 
subdivisions of fans. We conclude by a proof of a formula for S{X,u!-,T) with 
X log smooth in section 4.4. Finally, we show in section 4.5 how to use our 
formula to recover a result of Guibert (see [Gui02]) expressing the motivic 
zeta function of a polynomial that is nondegenerate with respect to its Newton 
polyhedron and section 4.6 shows how our formula applies to yield precisely 
the right poles for Zf{T) when / is a polynomial in two variables. 

In this chapter we work throughout with Zariski sites. Every log scheme 
considered will be assumed locally Noetherian and fine and saturated, 
abbreviated by fs. 


4.2 N-monoids 


We will make use of two more advanced properties of monoids in our proofs. 

4.2.1. An integral monoid Q is called valuative if for any x G either x G Q 
or x~^ G Q. A submonoid M of an integral monoid Q is exact if flQ = M. 
In particular we see that any valuative submonoid M of Q is exact if C M. 
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Definition 4.2.2. Let Q be an integral monoid. For a submonoid M of Q, we 
set 

^sat,Q g gsat | 3 q, > 1 ; 3 ;“ g M}. 

We easily see that is a face of Q®®"* if M is a face of Q. 

Proposition 4.2.3. Let Q be an integral monoid. The correspondence F i—>■ 
^sat,Q ijjduces a bijection between the faces of Q and the faces of In 

particular nQ = Q^. 

Proof. We first show _Fsat.Q p q _ ^ ^ psat,Q p q xhen x°‘ G F for 

some a > 1. But since x G Q, this implies x G F. 

Let G be a face of We show (GflQ)®®'*’'^ = G. Let x G G and a > 1 such 
that a;“ G Q. Then a;“ gGPQ and by definition x G {G r\ ■ 

4.2.4. Let (/): N ^ P be an N-monoid and d a positive integer. We set e.^. ;=(/)(!) 
and P{d):= P©NNd, where N ^ Nd denotes multiplication by d. If P is integral, 
then (j> is an integral morphism since N is valuative (see [Ogu, 1.4.5.3(5)]), so 
that P{d) is integral as well. Since the internal law on N is additive, we will 
often write the laws of P and P{d) additively as well. 

Proposition 4.2.5. Let N ^ P be a local morphism of fs monoids. Then the 
submonoid 

n = { X \ ax = k[eTr] for some a > 1, fc > 0} 
of P^ is isomorphic to N and = If. 

Proof. We first show that fl is valuative. By construction of the groupification, 
every x G IfSP can be written as a; = xi — a :2 with a;i,a ;2 G If. Let Oi > 1 be 
such that OiXi = ki[eTr] for some ki > 0, i = 1, 2. Then 

( 0102 ) 2 ; = ( 02/01 - Oi/C 2 )[e,r], 

so that either x or —x belongs to If. 

Since If is valuative, it is an exact submonoid of P'^, hence finitely generated 
(see [Ogu, 1.2.1.17(2)]). We conclude by [Ogu, 1.2.4.2] that 11 = N since 11 is 
nonzero by localness of N —>■ P. The second assertion follows from the fact that 
P is saturated. ■ 

Definition 4.2.6. In the setting of 4.2.5, we will denote by e,r the generator 
of n and call the integer m > 1 such that [e,r] = mcTr the root index of N —>■ P. 
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Remark 4.2.7. The root index of a local morphism N —?> P is 1 if and 
only if [ctt] is nonzero and generates a free factor of the free group 
More generally, the root index corresponds to the order of the torsion part of 
(P») 8 P/Z. 

Proposition 4.2.8. Let N —>■ P be a local morphism. Then the canonical 
morphism P —>■ P{d) restricts to an isomorphism P^ P{d) ^ ■ 

Proof. First note that (a;,0) G P{d)^ if and only if cc € P^. In particular 
(0,1) G P{d)^ if and only if e,r £ P^- Now if {v,t) G P{d)^, then both 
(l;, 0 ) and ( 0 , t) belong to P{d)^ and since (j) is local, e,r ^ P^, which implies 

t = o. m 

Proposition 4.2.9. Let N —>■ P be a local morphism of root index m between 
fs monoids. If gcd{d,m) = 1, then the morphism P -p P(d)®®'* restricts to an 
isomorphism P^ P((i)®®'*’^. 

Proof. By 4.2.8, P^ = P{d)^ so that we only have to show P{d)^ = 

Let X G P{dY^^’^ and a > 1 such that ax G P{d)^ (see 4.2.3). We may write 
X as {v,t) with 0 <t < d and v G P®p. Since ax G P{d)^, at = qd for some 
<7 > 0 and 

ax = (av + qcT^, 0) 

with av + G P^. We then have in (pt*)sP the equality a[—v] = g[e 7 r]. 
But then [—a] G 11 so that [—a] = se^n- for some s > 0 and as = mq. Since 
gcd((i, m) = 1 and a also divides qd, a is a divisor of q. But since q < a 
(because t < d) we necessarily have s = 0 = g. We eventually get v G P^ and 
t = 0, i.e. T G P(d)^. ■ 

Proposition 4.2.10. Let N —>■ P be a local morphism of root index m between 
fs monoids. If d divides m, then the maximal ideal of P{dY‘^*‘ is generated 
by P+. 

Proof. Let x = {v,t) G P{dY^^’~^ and a > 1 such that ax G P{d)~^. If we write 
at = qd + s with 0 < s < d we have 

ax = (av, at) = (av + ge,r, s) 

with av + qe^j- G P. We are going to show that x can be written as the sum of 
an element of P+ and a unit of P(d)®®'*. Let e G P'*' be such that [e] = e,r G P**. 
Then there is m G P^ such that e,r = "me + u. We have in P^p 

a(v + ^te) = av + ^e(qd + s) 

= av + ge,r — qu+ ^se. 
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which belongs to P+ because either av + qcT^ £ or s > 1 by 4.2.8. Since P is 
saturated, we get v + ^te G P”*" and it only remains to show that x—{v + ^te, 0) 
is a unit of P(d)®’^*. But 

d{x - {v + ^te, 0)) = d t) 

= {—mte,td) 

= {—mte + tcTT, 0) 

= {tu,Q), 

is a unit in P{d). Hence x — {v + ^te,0) £ P(d)®®'*’^. ■ 

The following proposition will be useful for computations (see 4.4.5 and 4.5.15). 
Proposition 4.2.11. Let P be an fs monoid and 

N —>■ P © P, li-)'(e,a;) 

a morphism, where F is a free group. Let d be an integer such that there is 
some e £ P with de = e and assume that there are elements (uji)i for F such 
that {in, (wi)) is a basis of F. Then the morphism 

4>: P (B F ^ P (B F, (x, oow + ^ ©Wi) !->■ (x, daoUJ + ^ aiujj) 

factors through an isomorphism 

(P © P) ®N ‘ Nd = P © P 

Proof. Let Q — {P (B F) ©n N^. The morphism (f together with 

N —>■ P © P, 1 !->■ (e, Cli) 

induces a unique morphism Q ^ P (B F. Since the latter is saturated, we have 
a unique factorisation through 

On the other hand, the morphism 

P © P {y, aoOJ + ^ OiUJi} ((y - ape, 0^0;^), op), 

is well defined since 

d ((y - Ope, ^aja;j),ap) = ((dy - ape, dy^ a^uj^), dap) 

= [{dy,apuj + d^aja;j),0) G Q. 


We may now easily check that those morphisms are each other inverse. 
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Corollary 4.2.12. Let N — F P be a local morphism of root index m with P fs. 
If d divides m, then Nd P(d)®'‘‘ has root index 

Proof. Let G P'^ be such that m[e,r] = e^- We can complete (e,r) to a basis 
of (Pt*)sP. In particular we get a section Pl* —>■ P and N ^ P factors as 

N^P“©P^ l^([e^],u), 

for some unit u G P ^. The statement is now easy to deduce from the proof 
of 4.2.11. ■ 


4.3 Log regular schemes over a discrete valuation 
ring 


4.3.1. Let P be a discrete valuation ring and fix a uniformizer tt. We denote 
by K its fraction field and by k its residue field. Recall that we denote by 5^ 
the scheme S = SpecP endowed with the log structure induced by its closed 
point, as described in 3.6.11. 

Let d be a positive integer. We set R{d) := R[T]/{T‘^ — n) which is a totally 
ramified extension of R of degree d, and S{d) = SpecP(d). The chart N ^ 
of P —?■ R{d) induces an isomorphism 

P(d) ^P©z[N]Z[Nd]. (4.3.1.1) 

4.3.2. Let T be a log regular scheme over pf and denote its fan by F. By 
functoriality, we have a morphism of fans 

P^P(p1')^(SpecN)“‘ 

that gives a structure of N-fan to F. We will denote by P^ and Pg its fibres 
over the points 0 and N’*' respectively. It then follows from (3.7.22.1) that 

and 7r^^(Ps) = Xk- 

If we denote by Ctt the image of 1 under the induced morphism N Mp{F) 
(compare with 4.2.4), then P^ = {t G P | Ctt G Mp^} and Pg = {t G P | Ctt G 

Definition 4.3.3. We say that a subdivison (/?: P' —>■ P of N-fans preserves 
the horizontal part if = F^. 

Remark 4.3.4. If T —>■ pf is a log regular pf -scheme and (/?: P' —>■ P is 
a subdivision of its fan P preserving the horizontal part, then we have an 
isomorphism of generic fibres {ip*X)K — Xx, as we can see from the proof 
of 3.7.25. 
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4.3.5. Let X he a log regular scheme over S'! and d a positive integer. We will 
denote by X{d) and X{dy^ the fibred product df X 5 t 5'(d)^ in the category of 
log schemes and fs log schemes respectively. By 4.3.1.1, we have 

X{d) = A- xz[p] Z[P{d)] and = A” Xz[p] Z[P{dy’^y 

for any chart N —?► P for S'b 

4.3.6. Let t G Fs and m = m{t) be the root index of N —>■ Mp^f For every 
divisor d of m, we will denote by Ud{t) the inverse image of U{t) in X{dy^. We 
also set U{t):= Um{t)- 

Proposition 4.3.7. Let X ^ be a log regular scheme over and consider 
a chart N —)■ P with P fs. We keep the notations of 3.7.24. Then every point of 
T{P'^) belongs to Fg and has the same root index m, and for every d dividing m 
we have 

U Ud{t) = X xz[p] z{p{dr^/p{dr^^+). 

T(P+) 

Proof. For any t G T{P'^) we have a diagram of monoids 

N-> P\{0} 


P -> 


Since the top and right arrows are local morphisms, /3 ^ ) = P'^ implies 

that Ctt G P^ . The statement over the root indices is clear since P^ = Mp^ for 
every t G r(P+). By 3.7.24 and 4.3.5, 

U US) = X XZ[P] Z(P(d)^"V/), 

T(P+) 

where I is the ideal of P{dy^^ generated by P'*', which is P(d)®'^*’+ by 4.2.10. ■ 

The following lemma will help us in proving proposition 4.3.10, which is the 
main result of this section. 

Lemma 4.3.8. Consider the following amalgamated sum of monoids with P, Qi 
and Q 2 integral: 
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P -^Qi 



Q 2 -> Qi ©p Q 2 


If P injects into Qi, then Q 2 injects into Qi ©p Q 2 - 

Proof. Since Q 2 is integral, we only have to show that injects into {Q\ ©p 
Q 2 )®p. We have the following amalgamated sum in the category Ab of abelian 
groups (see 3.1.7): 


PSP-> QfP 


Qf -> (Qi ©p Q2 )«p 


Since P and Qi are integral, P®p injects into Qf^. But monomorphisms 
in Ab are stable under amalgamated sums (see dual statement of [ML98, VIII.4 
proposition 2]). ■ 

4.3.9. We introduce the following notation. For a point t of a fan P, we set 
r{t) dim Mp^t, which is the height of the point t. 

Proposition 4.3.10. Let X be a log regular scheme over S'^ and (p: F' ^ F 
a subdivision of its fan with F' locally fs. Let t G P( and d be a divisor of 
its root index m. We set (p{d) = gcd{(p(rn), d), where (p(m) is the root index 
of ip(t). Then for every x G X{{p(d))^^ with ip{t) = n{x) we have 

Ud{t) n {p^*x{dy% = 

where {ip* X{dy^)x denotes the fibre over a; of the induced morphism (p*X{dy^ —>■ 

x{p{d)yL 

Proof. Let x be the image of x in X. By replacing X by an open neihbourhood 
of X, we may assume that it admits an fs N-chart P —>■ Aix{X) such that 
F = Spec** P (see 3.7.20). Denote by Q the fibred product of monoids 

^F',t P^^- 

F' ,t 
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Then by 3.2.11, 4.3.7 and the construction in 3.7.25 we have the following fibred 
product 






Since the root index of N^(d) —t P{ip{d)y^^ is ip{m)/ip{d) (4.2.12), we have by 
4.2.9 

U^(d){p{t)) Xz[p(^(d))siit,x] Z[P{dY’^^’^] = U^(^d){^{t)), 
and taking the hbre over x we get 

Ud{t) n {(p*X{dY^)oo -*■ k{x) 


k{x)[QidY^^'^] -> k{x)[P{dY^^’^] 


Since P injects into Q and N —>■ is integral, P(d)®®'* injects into Q{dY'^*' 

by 4.3.8. Furthermore, Q{dY'^*'’^ /P{dY'^*'’^ is a subgroup of the free group 
P{d)sP/P{dY^^'^ ^ (P(d)"‘‘‘>#)sP, so that 

Q(^)sat.x ^ 


Furthermore, 

r{ip{t)) - r{t) = dim Mp_.,r(a:) - dimMp/,t 

= rankP^P — rankP^ — rankQ®P + rankQ^ 

= rankQ(d)’^’"*’^ _ P(d)«at,x 

= rank(Q(d)"'"*’V^’(rf)'’'*’''), 

where we used 4.2.9, 4.2.3 and the fact that P®p = Q^p (see 3.7.25). We 
conclude that 


Udit) n {ip*xidY% = 
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Corollary 4.3.11. Let X ^ be a log regular scheme over S't, and F its 
fan. Let (p: F' F be a subdivision of F with F' locally fs and consider the 
induced morphism (p*X -y X. Then for every t S F^., we have 

(L - 1 )’-W -1 p^t)] = (L - [U{p{t))] e i^o(Var;,J, 

where brackets denote classes in the Grothendieck ring of Xk-varieties 
KolYarx^). 


Proof. By 4.3.10 applied to d = m{t) and [Seb04, 4.2.3], we see that U{t) -y 
U{ip{t)) is a piecewise trivial fibration of fibre . The equality follows 

from [Seb04, 4.2.2]. ■ 

Remark 4.3.12. Applying proposition 4.3.10 with d = 1 instead in the proof 
of corollary 4.3.11 yields the same result with each U replaced by U. 

Remark 4.3.13. We can more generally define Udit) as the inverse image of 
U{t) in the special fibre (A’(d)^®)fc for any integer d > 1. Then it follows from 
the proposition below and the same arguments as in 4.3.7 that if d is a multiple 
of m, Ud{t) = U{t) (compare with [NS07b, 4.4]). 

Proposition 4.3.14. Let N —>■ P be a morphism between fs monoids of root 
index 1. Then P{d) is saturated. In particular, the maximal ideal of P(d)®‘‘* = 
P{d) is generated by and (0,1). 

Proof. Following the same argument as in 4.2.12, we can assume that P is 
sharp with no loss of generality. 

Let {ei)o<i<n be a basis of P®p with cq = e,r- Then PSP = © Z" 

and P(d)®P = Z^ © Z". The claim follows at once from the fact that the 
isomorphism 

Z^©Z" ^Ze^©Z”, 

restricts to an isomorphism P(d) —>■ P. The last assertion comes from 4.2.8. ■ 

4.3.15. If A 5't is log smooth, then X is log regular by 3.7.17 and flat by 
[Kat89, 4.5], since it is integral by 4.2.4 and the proposition below. Furthermore, 
if X has pure relative dimension m, then its sheaf of log differentials 
locally free of rank m by 3.7.10. 

Proposition 4.3.16. Let u: P ^ Q be a chart for a morphism of log schemes 
f: X ^ Y with P and Q integral. If u is integral, then f is integral. 


Proof. Let x € X and consider the diagram 
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j3p 

P— — >My{Y) 

i 

- PQ 

Q - >Mx{X) 


By [Ogu, 1.4.5.3(2)], it suffices to show that —)• ^ is integral. But 

(3.6.9.1) shows that this morphism is canonically isomorphic to 


Since is a face of Q whose inverse image in P equals 

by localness of Myj{x) “t Mx,x, it is integral by [Ogu, 1.4.5.3(3)]. ■ 

4.3.17. Let A’ — >■ S'! be a generically smooth log smooth scheme over S'i of pure 
relative dimension m and w a volume form, i.e. a nowhere vanishing differential 
form of degree m on the generic fibre Xx- In particular it can be considered as 
an m-log differential over the log scheme X Xg^ K. The invertible sheaf 

together with the section w G induces a Cartier divisor div(w) on X. 

Since w is a volume form, the support of div(u;) is disjoint from the trivial locus 
of X and by [Kat94, 11.8], there is a unique divisor of F = F{X) such that 
IbjOx = div(a;) (a divisor of a fan is simply a sheafified version of a divisor of 
a monoid as seen in section 3.3). 

Remark 4.3.18. It follow from 3.7.8 that any log smooth S'l-scheme with 
trivial log stucture on the generic fibre is generically smooth. 

Proposition 4.3.19. For every t G of height one, Vt(Tu) = 1- 


Proof. Let V = Spec^ be an affine etale neighbourhood of i{t) in Xx on 
which we have a chart { 1 } ^ P for Xx —t K inducing an etale morphism 
h: V ^ K[P]. Since t is of height 1, = N so that we may assume 

P = N© Z’'. Then K[P] = K[xo,x ^^,... ,a;^^] and (ll'°®’^)j(i) (resp. 
is generated by /i*(dloga::o A ■ • • A dlogXr) (resp. h*{dxo A ■ • • A da;^)). Since 
uj generates we deduce that w (n|^®’^)jp) = h*{xo) (ll*^/’^)i(i) up to a 

unit, whence the proposition, because h*{xo) generates iTijp). ■ 
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4.4 A formula for the volume Poincare series 

In this section, we set R = fc|7r], with charfc = 0. We keep writing K for 
the fraction field of R and S for its spectrum. All S'-schemes will be assumed 
separated and of finite type. Let A be a generically smooth S'-scheme and w a 
volume form on the generic fibre Xk- We denote by X the 7r-adic completion 
of X and for every d>l we write uj{d) for the inverse image of w on the generic 
fibre of X{d) .= X Xn R{d). The volume Poincare series of the pair (X^uj) is 
defined as 

S{X,lo;T):=J 2(L Hd)\) G Mxdn 

where is the localization Aro(Var.^'^)[L“^] of the Grothendieck ring of X^- 

varieties and L:=[A^^] (see 2.4.5 for a definition of the motivic integral). We 
first recall a formula for S{X^ w; T) when X is sncd, see proposition 4.4.3. The 
goal of this section is to extend this formula to log smooth ^i-schemes; this is 
achieved in theorem 4.4.10 and constitutes the main result of this chapter. 


The normal crossings case 

4.4.1. Let X be an sncd ^-scheme and resume the notations of 3.6.12. Let 
J C / and mj = gcd{Nj)j^j. We define a Galois cover Ej of Ej by gluing the 
etale covers 


Spec A[T]/(wr'"-' - l,{xj)j) SpecA/{xj)j(zj. 

The order of a volume form along a component of the special fibre of an sncd 
scheme was defined in [NS07b, 6.8]. We recall the construction. 

4.4.2. Assume that X has pure relative dimension m and consider a volume 
form w on Xjx- Let Ei be a component of the special fibre, Ni its multiplicity 
and its generic point. Then PLi — j./(torsion) is a free rank 1 module 

over the discrete valuation ring Ox,^i- Ghoose a > 1 such that 7r“a; £ n^{X). 
Then the order of lo along is defined to be 

ord^i oj := ord£;i('T“a;) — oA^i, 

where ord£;.(7r“a;) is the length of the .{i-^iodule ni/{'K°‘ujOx,^i)- 


From [NS07b, 7.6] we have 
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Proposition 4.4.3. Let X be an sncd S-scheme and uj a volume form on Xk- 
Then 

S{X,oj;T) (L-1)''^'”^-^] 

$^jci kj>i,jeJ 

(4.4.3.1) 

in Mxkl"^\, where fij = ord_E^ w. 


The strategy of the proof of 4.4.10 is to first interpret all the elements appearing 
in (4.4.3.1) in terms of the log structure of X, and then to show that it is stable 
under subdivisions of fans. The result will subsequently follow from 3.5.7 and 
the proposition below. 

Proposition 4.4.4. Let X be a log regular scheme over S'! and F its fan. The 
following are equivalent: 

1. For every t € F, Mp^t — 

2. the underlying scheme X is regular, 

In this case, Xk is an snc divisor and 

-Tfc = ^ Vt{e^)E(t). 

teFs 
r(t) = l 


Proof. The equivalence between 1. and 2. comes from [GR12, 7.5.35]. Assume 
now that they both hold and let t S F and x S U{t). We can find an affine 
neighbourhood V = Spec A of x on which we have an N-chart (p: ©Z —F A 

local at X. We denote by Xi the image of the Ah basis vector of and by u 

the unit (p(0, 1). Let pi be the prime ideal generated by and Vi its valuation. 
Those are exactly the height-one prime ideals of Hence we clearly have 

TT = The formula for Xk follows from the fact that Ui(e^) > 1 

if and only if p is a point of Fg. Finally, since A4'^ x^x,x = {xi,... ,Xn), we 
conclude by [Liu02, 4.2.15] and log regularity that the Xi are part of a regular 
system of parameters, hence Xk has normal crossings. I 

Corollary 4.4.5. Let X be a log regular scheme over satisfying the 
equivalent conditions of 4.4.4 and denote by Ff (resp. F]]) the set of height- 
one points of Fg (resp. F^j). Let t G F and set J = Spec Mp^t H Ff and 
K = SpecM^^i n Ff^. Then 

u{t)^^nE°p, 

teFp\K 


where Ef. = Htgif F(t)\|J; 
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Proof. Let x £ U{t) and </>: 0 Z ^ be a chart such as in the proof of 

4.4.4. In particular, V fl UtcFiVic -^(0 = 

Then, shrinking V if necessary (cfr. 3.7.20) we have by 4.3.7 and 4.2.11, with 
m the root index of t, 

U{t) n V{mt = V SpecZ[(N’'(‘) ©Z)(m)-*-x] 

= Spec ---- 

(T"* - u, {xi)iejuK) 

which gives the local expression of the etale cover Ej fl . ■ 

Lemma 4.4.6. Let X be a log smooth S'^-scheme of pure relative dimension m 
satisfying the equivalent conditions of 4.4.4. Let t be a height-one point of 
F(X)s and E = E(t) the corresponding irreducible component of X^. Then 
the canonical homomorphism —>■ induces an isomorphism 

^^.i(t)/(torsion) ^ 
and we have Vt[Iu>) = ordg w. 

Proof. Let a; be a generator of the maximal ideal of Ox,i(t)- We write tt = 
ux^ with u a unit of Ox,ip)- Since dlogTr = 0, ndloga; + dlogu = 0 and 
hence dloga; = —du/nu. This implies that ■^^^/(torsion) —>• is a 

surjective morphism between rank-one modules, hence an isomorphism. 

Now let a > 1 be such that 7r“a; £ fl^(X). Then [Kat94, 11.8] ensures that 

Ut(e“J^) = ord£;div(7r“cLi). 

We conclude by 3.3.5 that Vt{Iuj) = ord_EW. ■ 

Proof of the formula 

4.4.7. Let T” be a generically smooth log smooth scheme over of pure relative 
dimension m and F its fan. Let a; be a volume form on Xk. We set 
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Lemma 4.4.8. Let X be a generically smooth log smooth scheme over of 
pure relative dimension m, cu a volume form on Xk and h: X' ^ X a morphism 
induced by a subdivision of fans (p: F' —F F preserving the horizontal part. 
Then for every t G Fg 

Proof. Since F'{N) = F{N), for every u G there is a unique s G p~^it) 

and a unique v G such that v = u o ifg. In particular, v(eTr) = w(e,r)- 

Moreover, since p preserves the horizontal part, h*io is a volume form on Xf^ = 
Xk and since h is log etale, that div(/i*w) = h* div(w). 

Then Div((/j)(J^) = and v{Ih-u>) = u{I^). ■ 

Proposition 4.4.9. Let X be a generically smooth log smooth scheme over S'^ 
of pure relative dimension m and h: X' —F X a morphism induced by a 
subdivision of fans p'. F' ^ F preserving the horizontal part. Then 

S'(X', k*oj; T) = S'{X, uj; T) G Mx, [T]- 
Proof. Using in turn 4.3.11 and 4.4.8, we get 

S'{X',h*u};T)=Y (L - 

teF,sev-^{t) 

= ^(L-i)’'(‘)-i[t7(t)] Y H 

teFs sev-i(t) 

F' ,s 


= S'{X,uj-T). ■ 

Theorem 4.4.10. Let X be a generically smooth log smooth scheme over S'! 
of pure relative dimension m. Let ui be a volume form on Xk and denote by 
F the fan of X. Then 

S'(T,a;;r) =L-'" ^(L-l)’'(*)-i[t7(t)] Y G 

Proof. We have to show that S{X,uj]T) = L“™S"(T,w; T). Since Xk is 
smooth, Mp^t — for every t G F^j (4.4.4) and by 3.5.7 we can find a 

subdivision F' ^ F preserving the horizontal part and such that Mf',s — 
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for every s € F'. Hence we may assume that F = by 4.4.9 so that X is sncd 
(cfr. 4.4.4). 

Let t € Fs and denote by Jg = Js{t) (resp. Jr^ = the set of height-one 

points of Fg (resp. belonging to Spec MF,t- Then Mp^t = and 

by 4.3.19 


_1 i IFI 


(L-1) 


uCM 


E 

V ,loc 


L-m(F) rpu{e^) _ 


F,t 


E 

{k,)eni 


L 




E 

llg(NJ'a)V,loc 




= E 


L-«(F) rpu{e^) ^ 


mG( 


Let I be the set of height-one primes of Fg, i.e. all irreducible components of Xk- 
By 4.4.5, we get 

S"(d:',w;r) = ^(L-^ L-«(F)y«(e© 

tcF, „g(N^a(t))v.ioc 

= ^ (L - ^ L->^(F) y«(e,) 

0#JC7 

= ^ (L - ^ 

07^JC7 (fcj)GN^i 

where the Nj are the multiplicities of the components of X^ and fj,j the order 
of uj along them (see 4.4.6). We consequently recover formula (4.4.3.1). ■ 

Remark 4.4.11. Let X be an sncd F-scheme of pure relative dimension m 
and w a volume form on Xk- Let d be a positive integer. By [NS07a, 5.17] 
there is a series of blow-ups of strata h: X' ^ X such that d is not ff^-linear 
in the sense of [NS07a, 2.1]. This condition of nonlinearity allows to give an 
explicit expression for a Neron smoothening for X'{d) S{d) (see 2.4.11). It 
follows from [NS07b, 6.13] that the coefficient of in S{X,ui\T) is 

(4.4.11.1) 

N[\d 

If we endow X with the log structure described in 3.6.12, those blow-ups of 
strata correspond to log blow-ups. By (GR12, 7.6.18(ii)] such a log blow-up is 
induced by a blow-up of the fan F of ff, which is actually a kind of subdivision. 
So the morphism h is induced by a subdivision of F and we deduce that 
the coefficient of T'^ in S'{X,uj-,T) equals (4.4.11.1). Hence we see that our 
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proof actually doesn’t rely on [NS07b, 7.6] but can be directly carried out from 
[NS07b, 4.5]. 

Corollary 4.4.12. Let X be a generically smooth log smooth scheme over 5^ 
of pure relative dimension m, to a volume form and F its fan. Then every pole 
of the function 5'(df, w; L“'*) is of the form s = —Vt{Iui)/vt[eTr), for some point 
t € Fs of height one. 


Proof. Let t be a point in Fg (not necessarily of height one) and (ui)/ be the 
valuations of Mp.t so that the cone is strictly positively spanned 

by the Vi (see 3.4.4). By [DHOl, 2.8] we can partition into cones 

(A„)„g 7 v such that each A„ is strictly positively spanned by some ('Cj)jgJ„ 
linearly independent over R, where J„ is some subset of I. If we set 

I 0 < A, < 1} n A„ n (Ml.r, 

then every element u of A„ fl can be uniquely written as u = uq + 

with kj G N and uq £ We compute 


uCM 


'y ' Jiu{e„) _ y y -u(/i^)ijiu(ej) y y~].. fcj '"j J) 

neN ueD'°<^ kj>0,jeJrt 




neN uCD\?^ 


Jn ki>0 


= E 

nCN 




Hence if 5'(A’, w;L“®) has a pole in s, then —Vj{Iui) — sVj{eTr) = 0 for some 
j £ I, i.e. s = —Vj{Iuj)/vj{eTr). Note that Vj(eTr) = 0 if and only if vj is the 
valuation associated to a point of F^^. In this case Vj{Ioj) = 1 by 4.3.19 and 
the factors (L — 1)“^ appearing in the expression (which sensu stricto don’t 
belong to Mx^,) are cancelled by the coefficient (L — see also [BVI3, 

§ 10 . 2 ]. ■ 

4.4.13. Let A be a Calabi-Yau variety of dimension m over K = Fraci?. Let 
w £ H™(A) be a volume form on X. Then the motivic zeta function of (A, w) 
is defined as 


ZxAT)-='L'" 



T'^ £ MklTi 
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(see [HN12, 6.4] when lo is distinguished). If is a proper 5'-model of X, then 
by [NS07b, 7.2] 

ZxAT)='^"^S{X,uj;T)€Mk m ■ 

Hence corollary 4.4.12 gives us a set of candidate poles for the zeta function 
Zx,u>{T) when X is log smooth, and this set is much smaller than the one we 
would get from a desingularization of X. Log smooth models of Calabi-Yau 
varieties over K appear naturally in the Gross-Siebert programme on mirror 
symmetry (see for example [GSll]). 

4.4.14. Let Y be a smooth irreducible scheme of finite type over k of 
dimension n and /: X —>■ Aj, = SpecA;[ 7 r] a dominant morphism. Denote 
by Xg the zero locus of / and set X* = X\Xs. Shrinking X around Xg, we 
can assume that / is smooth on X*. For any gauge form ^ on X, we can find 
a unique form a G such that a A d/ is the restriction of (j) to X*. 

The induced volume form is called the Gelfand-Leray form and is denoted by 
By [NS07b, 9.10] the motivic zeta function of / (as defined in [DLOl, 3.2.1]) 
can then be computed as 

Zf{T) = S{X,^-h-^T) G Mxdn 

where X = X x^i S'. Hence if iy —>■ St is a log smooth St-scheme dominating X 

and such that yx — Xx, 4.4.10 gives a formula for Zf{T) in terms of the 
model y. We give an example of this in the next section. 


4.5 The motivic zeta function of a nondegenerate 
polynomial 

Let fc be a field of characteristic 0 and set R — fc|7r| and K = k{{TT)). For a 
tuple uj = (wi,..., w„) G N", we denote by x‘^ the product ni<i<n ■ 

For the rest of this section, we fix a polynomial /(x) = J2ujen in 

fc[xi,... ,x„] with /(O) = 0, where H is a finite subset of N” and 7 ^ 0 for 
every ui G fl. The polynomial / determines a dominant morphism A]! —F 
and we set X = A^ x^i R. Note that the generic fibre Xx is smooth since 
char k = 0. 

We will show in this section how to recover from 4.4.10 a combinatorial formula 
for Zf{T) first proved by Guibert in [Gui02, 2.1.3], when / is a nondegenerate 
polynomial with respect to its Newton polyhedron (see definitions below). 
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Newton polyhedron and associated fan 

We refer to [DHOl, §2] for details on Newton polyhedra. 

Definition 4.5.1. The Newton polyhedron T/ of the polynomial / is the convex 

hull of +l^>o) in R”- 

4.5.2. We will assume throughout that / is nondegenerate with respect to its 
Newton polyhedron, which means that the varieties 

Speck[xf^ ,... {fr) 

are smooth for every face r of T/, where fr '■= 

4.5.3. For every u £ = HomMnd(R>o; we set m(u) :=infagr/ u{a) and 

denote by Hu the hyperplane of R" defined by u{x) — m{u) = 0. Then 

F{u) :={a G T/ I u{a) = m{u)} = Hu H T/, 

is a face of T/ (compare with 3.4.2). For a face r of F/ we set 

:={rt e | F{u) = t}. 

Its topological closure A^- is a strictly convex rational polyhedral cone of R"’'^ 
and we have (see [DHOl, 2.6]) 

A,- = {m I F{u) 2 t}. 

The collection A = {At}t forms a fan in the classical sense that is a subdivision 
of the fan generated by cr(N"') = R^q (see [Kem+73, 1.2, definition 3]). 

We set 


Mr := Ar n N" 

= {a G N" I v{a) > 0 for all v G A,-} 

= {a G N" I v{a) > 0 for all u G A,-}. 

The normal of a facet (i.e. a face of codimension one) r of F^^ is the unique 
vector V of N"’'' with coprime coordinates such that r = F{v). If {Ti)i<i<r are 
the facets containing the face r and {vi) their normals, then 

Mr = {a £ N" I Vi{a) > 0 for all 1 < I < r} 


(see also 3.4.4). 
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Proposition 4.5.4. Let t be a facet of F/ and v its normal. Ifm{v) = 0, then 
V is an element of the canonical basis of 

Proof. Without loss of generality, we may write v = (oi,..., o^, 0,..., 0) for 
some r < n, with Oi > 1 for every 1 < z < r. Let a = (ai)i € N”. We have 
v(a) = 0 if and only if Oi = 0 for every 1 < z < r from which we get 

T = |a G F/ I v(a) = m{v) = 0} = {a G F/ | = 0 for every 1 < z < r} 

which has dimension less or equal to n — r. Lienee r = 1 because r is a facet; 
this concludes the proof. ■ 

Proposition 4.5.5. Let t be a face of F f. We have dimM,- = n — dimr and 
rank(M.r)^ = dimr. 


Proof. Since a{Mr) = A^, we have dimM,- = dimA^ by 3.4.3. The latter 
cone has dimension n — dimr by [DHOl, 2.6]. The other equality comes from 

dimM,- = rank(M,-)®P — rank(MT-)^ = n — rank(M,-)^. ■ 

Proposition 4.5.6. Let t be a face of Tf, ujq G r fl if and ui € Lt. Then 
w — Wo G Mr and w — wq G Mf if and only if uj G t. 

Proof. Let {Ti)i<i<r be the facets containing r and {vi)i the corresponding 
normals. Since each Vi reaches its minimum over Fj on A r, we have 
Vi(uj — ojo) > 0 and Vi(oj — uiq) = 0 if and only if w G r^. In particular 
w — Wo G (Mr)^ if and only if w G n for every 1 < z < r, i.e. w G r because 

r = r],Ti. m 

A log smooth model 

4.5.7. The fan A obtained in 4.5.3 induces a proper morphism (f: Aa —t 
as follows: for every face r of F/ we set 

Xr '■= Spec k[Mr]. 

Since Ar C the monoid Mr contains N", which yields a morphism 

fc[xi,..., Xn\ -^~k[Mr\. Two varieties Xr and Xr' can be glued along where 
(T denotes the smallest face of Fj containing both r and rf This construction 
yields a morphism (p: Aa —t which is proper by [DHOl, 1.15]. We also set 

Aa := Aa x^i f? where Aa —>■ A^ is the composition of p with the morphism 
A^ ^ A^ determined by /. 
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4.5.8. We endow Xa with the log structure associated to the pre-log structure 
locally given by 

k[Mr], (a,n)^x°‘ (// wq )”, 

where we choose ojq S t fl O and f/ojQ is defined as the element 
of k[Mr]. By 4.5.6 we see that the associated log structure doesn’t depend on 
the choice of ujq. If we endow = SpecA:[N] with its natural log structure 
defined by the monoid N, then the morphism 4> o f can be considered as a 
morphism of log schemes. In the remainder, we will always implicitly use these 
log structures when referring to the log scheme and to the morphism of 
log schemes ipo f: —>■ A^. It follows immediately from the definitions that 

N Mr © N, 1 !->■ (wq, 1) is a chart for Xa A\. 

Proposition 4.5.9. The log scheme X/^ is log smooth over A^. 


Proof. Let x G X^ and t be the largest face of By such that x € Xr- In 
particular {Mr © N)+(!lA:A,a; ^ mxOx^,x- Let r = rank(MT- ©N)^ = dimr 
(by 4.5.5) and let us first assume that r = 0. In this case r = {wq} for some 
vertex wq £ and uj — ujq € mxOx^.x for every w wq by 4.5.6. In particular, 

u := //wo = aujoT ^ 

is a unit at x. Hence Mr © Z is still a chart on the open Spec A, with 
A:=k[Mr\[u~^]. We get by (the proof of) 3.6.14 a chart N —>■ Mr on the 
etale cover Spec where m denotes the root index of N —>■ Mr © Z. 

This chart induces a morphism 

fc[N] ©Z[N] AMr] = k[Mr] ^ A[u^/^] 

which is etale, and we are done. 


Assume now that r > 0. Since the root index of N —>■ Mr © N is one, we can 
find again by 3.6.14 a chart N ^ M|©N for Xr A^. The induced morphism 
is 


/c[M“©N] 


fc[M|©N][M,x] _ 

(//wo-x(od)) 


It is smooth if and only if 


k[Ml © N] 


fc[M|©N][MX] 

(/r/wo) 


is smooth, because d(//wo — = d(/T-/wo) over fc[M| ©N]. We conclude 

by base change to k[Ml © N] since A:[Z"]/(/t-/wo) is smooth over k by 
nondegenerescence of /, hence also k[Mr]/{fr/uJo). ■ 
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Lemma 4.5.10. The morphism (f): X/\ —>■ induces an isomorphism 

rH^k\v{f))^A-,\v{f). 

Proof. It follows from the general theory of toric varieties that (f is an 
isomorphism over all (varieties associated to) faces of N" that are not 
subdivided by A. We will show that / vanishes over all subdivided faces. 

Let cr be a face of N" which is subdivided by A and minimal with respect to 
this property. We may assume without loss of generality that cr = N’' © {0}"“’'. 
By assumption there is a facet r of Fj of normal v belonging to the interior 
of a. Put differently, v = (oi,..., Or, 0,..., 0) with Oi > 1 for every 1 < f < r. 
Since faces of dimension one cannot be subdivided, r > 2 and m{v) 7 ^ 0 by 
4.5.4. This implies that every ui G Tf has a nonzero *th component for some 
1 < i < r. 

Let y € Spec/c[CT^ n N"]. By the minimality assumption, we may assume that 
each coordinate function Xi belongs to rUy for 1 < i < r. But then a;“ S my for 
every w S F/ by the reasoning above, and / S rrij,, i.e. / vanishes at y. ■ 

Corollary 4.5.11. The S'^-iog scheme AA endowed with the inverse log 
structure of Aa is a log smooth SAmodel of Xk s,nd (Aa)a- = {X)k. 

Proof. This is a direct consequence of 4.5.9, 4.5.10 and the following diagram 
of fibred products. 


Aa.x-> -> K 



The last part comes from the fact that the morphism cf: Aa —>■ is proper. 


This corollary allows us to compute Zf{T) from the log smooth ^^-scheme Aa 
following the construction sketched in 4.4.14. 
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Computing Zf(T) 

4.5.12. We will denote by the fan associated to For a face r of Fy we 
also set 

T(r) :={t e Fa | Mp^t = {M^ © N)»}, 
which corresponds to T{M^ 0 N>i) with the notation of 3.7.24. Similarly 

T(f) :={t e Fa.* | = (M, © Z)»} = F(M+). 

Proposition 4.5.13. Let ui be a volume form on and denote by I^j the 
divisor of Fa determined by the Gelfand-Leray form ^. Let t be a face ofTf 
and Wo S T n n. Then 

Mp, 

ojo 

for every t G T{t) \JT{f). 


Proof. We may assume that w = dxi A • • • A dx„ and that t is a point of 
height one. By 3.7.4 we may base our computations on ' Assume 

first that t corresponds to the height-one prime ideal generated by f /coq. Then 
Mr © t particular all Xi are invertible at t so that we may assume by 

nondegenerescence of / that df = '''^hh a„ G In particular 

(dxi,... ,d 2 ;„_i,dlog/) is a basis for (cfr. 3.7.3) and it follows from 

the locally split exact sequence 


f *r)log 

A}/k,t 


X^/k,t 




(4.5.13.1) 


of 3.7.13 that (dxi,..., dx„_i) is a basis for f^A®/^i (• Furthermore, we 
compute in Ha®’?. A 


dcci A • • ■ A dxn = (da;i A • ■ • A dxn-i) A d/, 


thus (da;iA- • -Adxn-i) is the Gelfand-Leray form on (notation of 4.4.14) 
and div(^) = div(l) because dxi A • • • A dxn-i is a basis for This 

agrees with the claim since and is a unit at t. 

If t corresponds to a height-one prime ideal of Mr, then f /ujq is invertible at t, 
so that (dloga;i)i<i<„ is a basis for ^ because M|p = Z". In particular 

dlog/ = Ci dlogXi for some G Ox^,t and we may assume that a„ is 
invertible since (4.5.13.1) ensures that dlog / doesn’t vanish at t. We compute 
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dcci A ■ • ■ A dxn = xi ■ ■ ■ Xn (dlog ail A • ■ • A dlog Xn) 


= xi ■ ■ ■ Xn (dlogaii A • ■ • A dloga;n_i A dlog/) 

= (dlogail A • • • A dlogx„_i) A d/, 

from which we get div(^) = This yields the claimed result since 

//wo is a unit at t. ■ 

Proposition 4.5.14. We have 


T(r) 


k[Z^ 

JT 


=:T,(0). 


Proof. The root index of N ^ Mr © N is clearly 1. So by 3.7.24 


[J U{f) = Spec 

T{t) 


(/r/wo) ■ 


By 4.5.5 we have r(r) = dimM,- © N = n + 1 — dimr and rankM/ = dimr. 
Thus 

U G(t)xfeG;;(*)-i = Spec-^&, 

T{t) 

which completes the proof since ojq is invertible in Z". ■ 


Proposition 4.5.15. We have 


T(f) 


Spec 


k[Z^] 

ifr - 1) 


=:Xr{l). 


Proof. Let m be the root index of N —>■ Mr © Z and oq G (-^t © Z)I* = M| such 
that a™ = [cr] = [wo]. Choose now elements {ai,... ,ar(t)-i) G (M|)sp such 
that (oq, {ai)i) is a basis of (M|)sp. This defines a section s: (M|)sp —>• M|p 
and yields an isomorphism 

Mr Ml © M/, w I-A ([w], w - s([a;])). 


We have by 4.3.7 and 4.2.11 


U{t) = Spec 

T(t) 


R[Ml (B Mf^][T^^] 

if - f/^0 - T'", )' 
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Since e,r £ and tt = / = //wq • we necessarily have wq G M+. Thus 


y [/(<) = Spec 

T{f) 


k[Mp][T^^] 

(/./wo-T™)- 


We now look at the isomorphism 

© Z) © ^ © (M|)SP 

that is the identity on , sends the ith basis vector of onto and 

sends the generator of Z (corresponding to the element T) onto —ao- Then 
T"* is sent onto under the induced morphism of fc-algebras, from which 

we deduce 


Uit) ^Spec 


k[M^ © (M|)SP] 

ifr - 1) 


Spec 


A:[Z’"] 


Proposition 4.5.16. We have 


r ueATriN" 


where the sum is taken over all faces t of the Newton polyhedron Tf of f. 


Proof. Observe that (ptt^^Joc _ pv.ioc j:Qj, every monoid P. Hence 

((M^ ©Z)“)^’^°‘= = ON" 

and similarly {(Mr © = (Ar O N") © N>i, as we see from 3.4.4. For 

u G Ar n N” and fc > 1 we have 


and 


(u, k)(er) = (u, k){(jJo, 1) = m{u) + k 


(u, k){I^) = (u, k){l, ...,l,0)-{u, k){uJo, 0) 


= m(1, ..., 1) — m{u). 


We put a{u) := m( 1, ..., 1) and denote by Sr{T) the sum X^ueA^nN" ^ ^ 

From 4.5.14 and 4.5.15 we have 


^(L - l)’'(‘)-l [U{t)]Y^ I^-U(l^)rpuier) 
nr) 


[T’.(O)]^ 

iteA^nr 


oo 




j —cr(it)+m(u) rj-im{u)-\-k 


= [T’,(0)]5,(Lr) ^ 


1-r 
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and 


t(t) liCA^nN" 


= [Xr{l)]Sr{hT). 


From which we get by 4.4.14 


Zf{T)=h^-^ S{X,—;-L-^T) 


since Xk is of dimension n — 1. I 

Corollary 4.5.17. The local motivic zeta function of f around 0 is given by 

ZfAT)= E {i^rmj^^ + [XAl)]) E L-‘^(“^T-(“)eMolT]. 

T compact iaGAt-HN”' 


Proof. The function Zf^o{T) is the image of Zf{T) under the base change 
morphism i *: Mx^ Mo- We have by 4.3.7 


i*[U{t)] = [U{t) Xfc[N„]Ai(N’^/N’^’+)] 


[U{t)] if N" —>■ Mt is local 
0 otherwise. 


By [DHOl, 2.3] a face t of F/ is compact if and only if there is some u G 
such that r = F{u), i.e. if there is some element u of A^- with positive 
coordinates. Since A,- n N" = we see that t is compact if and only 

if there is some u G such that u{x) > 0 for every x G N"’’*', which is 

equivalent to the morphism N" —>■ being local. This finishes the proof. ■ 

Remark 4.5.18. In [Gui02] Guibert forgot the condition ac{f){ip) = 1 while 
computing the measure of the spaces 

{yj e £(A") I ordt x{(f) = a, ordt f{(f) = mr(a) + k} 

in lemma 2.1.1. This explains the appearance of an extra torus in front of 
[dA(0)] in his proposition 2.1.3. Note also that Guibert uses a normalization 
factor L”" in the definition of Zf{T). Finally, recall that we should be more 
careful with the way to write down this formula as hinted at the end of the 
proof of 4.4.12. We refer to [BV13, 10.5] for more details. 
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4.6 Polynomials in two variables 

Let / be a nonconstant polynomial in two variables over a field k of 
characteristic zero and Y be the minimal embedded resolution of (A^, /“^(O)). 
We denote by Yk the total transform of /“^(O). In [Str83] Strauss showed in 
a special case that the components of Yfc inducing poles of Zf{T) are precisely 
those of the strict transform and those of the exceptional divisor meeting at 
least three other components of Yk- Building up on this result, Loeser proved 
the monodromy conjecture for the p-adic zeta function of / in [Loe88]. His 
proof generalizes to the motivic framework. 

In [Vey97] Veys noticed that the noncontributing components of Yfc could 
be contracted to obtain what is called the log canonical model of the pair 
(A^,/“^(0)). He then proceeded to show a formula for the topological 
zeta function computed on this model, yielding a conceptual explanation for 
Strauss’s result. 

We will show in this section that the log canonical model induces a log smooth 
S''l’-scheme dominating A| x^i S, so that our formula yields exactly the right 
poles for Zf{T) (up to nodes, see case 3. below) 

Let h: Y —>■ Z he the contraction morphism to the log canonical model Z 
of (A^, /“^(O)). We denote by y (resp. Z) the 5'-scheme Yx^i 5 (resp. Y-S') 
and keep writing h for the induced morphism y ^ Z. Let Ei,..., be a 
maximal chain of exceptional curves contracted by h. By [Vey97, 2.5] we have 
three possibilities: 

1. El and E^ each meet exactly one other component of the special fibre J^fc, 
denoted respectively by Ag and E^+i] 

2. only Er meets exactly one other component of J^fc, denoted by 

3. r = 1 and Ei meets a component E of yk in two distinct points. 

We will first assume that we are in the first situation. We endow Z with the log 
structure induced by Zk = h{yk). We only have to show that Z is log smooth 
at X = Ei). Following [IS12, §3], we see that Z is log regular at x. By 

3.6.14 we can find an N-chart P —>■ 0{U) in an etale neighbourhood U of x with 
P sharp and fs. In order to apply Kato’s criterion, it suffices to show that the 
induced morphism R[P]/{f — tt) —>■ Oz,x is smooth. Consider the morphism 
(p: k[P] —>■ R[P]/{f — tt) —)■ Oz,x and denote by m (resp. n) the inverse image 
of TTia; in k[P] (resp. R[P ]/(/ — tt)). We easily check that the m-adic completion 
of k[P] is isomorphic to the n-adic completion of R[P]/{f — tt). Hence, we only 
have to show that 4> is smooth. It is flat by 3.7.16 and since m = k[P'^], the 
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fibre of ^ is fc —F Oz,xlOz,x) which is regular, hence smooth over fc, which 
finishes the proof. 

To handle case 2., we choose a horizontal divisor Eq meeting Ei transversally 
at a point x € Ei\E 2 (this is possible by [GD67, 21.9.11/12]). Then the log 
structure induced by U Eg is still log smooth and we can proceed exactly as 
before. 

Case 3. is a bit of a shame: it corresponds to the resolution of a node, and Z 
is still log smooth in this case, but only if considered with the etale topology. 
Unfortunately, fan theory is specific to log schemes on Zariski sites, so that we 
cannot apply 4.4.10. Such an exceptional component actually induces the same 
pole as the component of the strict transform it meets. 
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